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On the Pricing of Top & Drop Excess of Loss Covers

Abstract

A Top & Drop cover is a treaty that can be found on the retrocessionmarket. It o�ers
capacity that can be usedeither to protect a top layer or a working layer. The former is
called a "T op" and the latter is called a "drop". Within the collective risk model, we show
in this paper how to use the multiv ariate version of the Panjer's algorithm in pricing this
cover. We also comparethe premium obtained within the exact model with the premiums
obtained either with the Fr�echet boundsor with the wrong assumptionof independence.A
generalizationof the results to several dimensionsis alsoprovided.

Keyw ords

Multiv ariate Panjer's algorithm, excessof losspricing, dependence,correlation order, stop-
lossorder, comonotonicrisks, Fr�echet bounds,supermodular order.

1 In tro duction

1.1 The Classical Collectiv e Risk Mo del

The classicalcollective risk model assumesthat N claims are yearly producedin a portfolio
by anonymous policies. The claim costsX 1; X 2; : : : are independent draws of somepositive
random variable X . The annual aggregateclaims S is then given by

S = X 1 + � � � + X N :

When N belongsto the Panjer's classof counting distributions, i.e. when N satis�es

P[N = n]
P[N = n � 1]

= a +
b
n

; for n � 1;

it is easyto obtain the distribution of S using the Panjer's algorithm (seePanjer (1981)).
Let us recall that the Panjer's classof counting distributions contains the Poisson(a = 0),
Negative Binomial (a > 0) and Binomial (a < 0) probability laws. Note that the X i 's must
have a discreteform beforePanjer's recursioncan apply.

1.2 Multiv ariate Collectiv e Risk Mo dels

A generalassumptionof the classicalrisk theory is that random variablesare all mutually
independent. This assumptionof independence,which makessensein many situations, o�ers
the advantageto simplify the mathematical formulation. However, therearesituations where
the independenceassumption needsto be relaxed. There are authors who addressedthe
problem by imposing upper and lower boundson the results when someform of stochastic
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dependenceis observed. For examples,seeDhaeneet al.'s (2001) survey. Other authors
attempted to model the dependence(e.g. Freesand Valdez(1998)).

This paper extendsthe classicalrisk model presented above in order to account for some
possibledependencies.We distinguish betweentwo models :

a) the �rst model dealswith independent occurrences(X 1; Y1); (X 2; Y2); : : : of the random
couple (X ; Y), all independent of the counting random variable N . The bivariate
aggregateclaims is then de�ned as

(S; T) = (
NX

i =1

X i ;
NX

i =1

Yi ):

The dependencebetweenS and T originatesfrom their sharingof the sameclaim num-
ber N as well as from possiblecorrelationsbetweenthe components of the (X i ; Yi )'s.
Sundt (1999) proposed a multiv ariate extension of Panjer's algorithm, allowing for
practical calculationswithin this multiv ariate collective risk model.

b) the secondmodel dealswith independent occurrencesX 1; X 2; : : : of the randomvariable
X and independent occurrencesY1; Y2; : : : of the random variable Y. Assumemutual
independencebetweenthe X i 's and the Yj 's, as well as with the counting variablesN
and M . However, N and M may be dependent. Then, it may be interesting to obtain
the distribution of

(S; T) = (
NX

i =1

X i ;
MX

i =1

Yi ):

Now, the dependencebetweenS and T originatesfrom the correlation betweenN and
M whereasthe claim sizesare independent. Sometypes of dependencebetween N
and M may be modelled,e.g. by using the triv ariate reduction method, or mixing the
bivariate Poissondistribution. Walhin and Paris (2000b)and Walhin and Paris (2001)
provide somesophisticatedbivariate counting modelsallowing for thesecalculations.

In this paper, wewill work with a known dependencestructure within model a). This will
allow us to derive speci�c solutions. However, aswe needto usediscreteforms of continuous
distributions in order to usePanjer's algorithm, although useful, the derived solutions will
be approximations only. We will comparethesesolutions to thosebasedon the uncorrectly
assumedindependencehypothesis between S and T, as well as to someupper and lower
bounds. Thesecomparisonswill be donewith theoretical or empirical results.

1.3 Reinsurance Treaties

Excessof loss reinsuranceis a meansto sharerisks between the cedant and the reinsurer.
The cedant always remainsliable for the part of the claim below a given attachment point,
or deductible P and the reinsurer o�ers somecapacity betweenP and the limit P + L. So
we can write the liabilit y of the excessof lossreinsurer for each claim X i as

Ri = min(L; max(0; X i � P)):
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In the collective risk model, the aggregateliabilit y of the reinsurer is

SR = R1 + � � � + RN :

The reinsurancecapacity L may be subject to k reinstatements. If k = 0, it meansthat
there is no reinstatement and the reinsurer'sliabilit y for the wholeperiod (usually oneyear)
is limited to L, indistinctly of the number of occurrences.Otherwise,the aggregatecapacity
is (k + 1)L, keeping in mind that the reinsurer's liabilit y in anyone occurrenceis limited
to L. That is, the aggregateliabilit y of the reinsurer is min((k + 1)L; SR). In practice
reinstatements can be paid or free. In the present paper we will only discussthe situation
wherethe reinstatements are free.

An annual aggregatedeductible (AAD ) will reducethe aggregateclaimsof the reinsurer.
A higherAAD shouldreducethe reinsurancepremium. For the generalcasewheretherearek
reinstatements and an AAD , the annual liabilit y of the reinsureris min((k+ 1)L; max(0; SR �
AAD )).

It is interesting to seehow reinsurancecan introduce dependenciesin sometreaties (
think e.g. to the ECOMOR-type treaties involving order statistics). Recently Walhin (2002)
described a speci�c excessof loss treaty where some layers inure to the bene�t of other
layers. The pricing of such treaty required the useof the multiv ariate Panjer's algorithm.
In Walhin and Paris (2000a) the multiv ariate version of the Panjer's algorithm is used to
study the retained risk of the cedant when it buys excessof loss reinsurancewith paid
reinstatements.

In the present paper we proposea new application of the multiv ariate extensionof the
Panjer's algorithm to price the so-called\T op & Drop" cover. This reinsurancetreaty, used
primarily for retrocession,includesa top layer and a working layer. One immediately feels
the presenceof stochastic dependencein the model as large claims (a�ecting the top layer)
necessarilyhit the working layer.

1.4 Tw o T yp es of Claims

In the collective risk model, we generally assumeone type of claims. Here we suggestto
distinguish between two types of claims (the extension to more types of claims is trivial)
becausethe behaviour of small claims may di�er signi�cantly from the behaviour of large
claims.

Let X be the random variable representing the cost of the largeclaimsand N the annual
number of large claims. We assumethat N is Poissondistributed with mean� l and that X
is limited Pareto distributed with parametersA l , B l and � l (X � Pa(A l ; B l ; � l )), that is

FX (x) = P[X � x] =

8
><

>:

0 if x < A l
A

� � l
l � x � � l

A
� � l
l � B

� � l
l

if A l � x < B l

1 if x � B l :

Moreover Y is the random variable representing the cost of the small claims and M is
the annual number of small claims. M is Poissondistributed with mean� s and Y is limited
Pareto distributed with parametersAs, Bs and � s. If oneassumesonly two typesof claims
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(large and small), then Bs = A l .

Henceforth, we assumemutual independencebetween the random variables N , M , X
and Y. We consideralsothe following valuesfor the Poissonand limited Pareto parameters:

� � A B
large 0.3 0.9 400 1000
small 2.5 1.4 20 400

Table 1.1: Parameters

1.5 Agenda

The rest of the paper is organizedas follows. Section2 describestwo typesof Top & Drop
covers within a relatively generalcollective risk model. Section 3 recalls the multiv ariate
Panjer's algorithm. Section4 reviewssomenecessaryresultson stochastic orderings. Section
5 providesthe numerical resultsand comparesthem with the casewhereindependencewould
be incorrectly assumedand with the corresponding Fr�echet bounds. Section 6 provides a
generalizationof sometheoretical results in dimensionhigher than 2. The �nal Section 7
concludes.

2 Top & Drop Covers

2.1 Treat y 1

Recently Securahasbeengiven the opportunit y to examinethe following excessof losscover:
in reinsurers' jargon (seebelow for a translation into formulas), the characteristics of this
treaty were

200 in excessof (XS) 800
AND / OR
200 XS 200 in the aggregatefor each lossexceeding20 (lossesto be aggregated
from groundup (fgu) but with a maximum of 100each and every lossoccurrence).
No reinstatement granted, that is, the maximal annual amount to be paid by the
reinsurer is 200.

The aim of this treaty is to cover a top layer (200 XS 800) that has a very low probability
of being hit and, simultaneously, a potential high frequencyof small claims.
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In mathematical terms, the characteristicsof this reinsurancecover can be summarized
as follows:

X Re� top
i = min(200; max(0; X i � 800))

= reinsurer's liabilit y for the top part of the large claims;

X Re� dr op
i = min(100; X i I X i � 20)

= reinsurer's liabilit y for the drop part of the large claims;

Y Re� dr op
i = min(100; Yi I Yi � 20)

= reinsurer's liabilit y for the drop part of the small claims;

S = X Re� top
1 + � � � + X Re� top

N

= aggregateliabilit y of the reinsurer for the top part of the large claims;

T = X Re� dr op
1 + � � � + X Re� dr op

N

= aggregateliabilit y of the reinsurer for the drop part of the large claims;

U = Y Re� dr op
1 + � � � + Y Re� dr op

M

= aggregateliabilit y of the reinsurer for the drop part of the small claims;

Cover = min(200; S + max(0; T + U � 200));

whereI A is the indicator function : I A = 1 if A is true, I A = 0 if A is false.
Note that the choice made for Bs implies that the small claims Yi do not trigger the top
cover.

2.2 Treat y 2

Another exampleof Top & Drop cover is described next:

200XS 800
AND / OR
200XS 200
with a global annual aggregatedeductible of 400 and unlimited free reinstate-
ments.
The aim of the treaty is clearly to cover an extra reinstatement on the low layer
(which typically would be protectedby a classical200XS 200with onereinstate-
ment) and/or a top layer (200 XS 800).
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The reinsurancecover can be described as follows :

X Re� top
i = min(200; max(0; X i � 800))

= reinsurer's liabilit y for the top part of the large claims;

X Re� dr op
i = min(200; max(0; X i � 200))

= reinsurer's liabilit y for the drop part of the large claims;

Y Re� dr op
i = min(200; max(0; Yi � 200))

= reinsurer's liabilit y for the drop part of the small claims;

S = X Re� top
1 + � � � + X Re� top

N

= aggregateliabilit y of the reinsurer for the top part of the large claims;

T = X Re� dr op
1 + � � � + X Re� dr op

N

= aggregateliabilit y of the reinsurer for the drop part of the large claims;

U = Y Re� dr op
1 + � � � + Y Re� dr op

M

= aggregateliabilit y of the reinsurer for the drop part of the small claims;

Cover = max(0; S + T + U � 400):

2.3 Possible Simpli�cations With Our Mo del Assumptions

As a consequenceof our choice of distributions of small and large claims, we can simplify
the model in two ways :

1) T = 100N for treaty 1 and T = 200N for treaty 2 which leadsto

Cover = min(200; S + max(0; 100N + U � 200)) (treaty 1)

Cover = max(0; 200N + U � 400) (treaty 2)

2) Using two independent Poisson-limited Pareto distributions for the small and large
claims is equivalent to a singlePoisson-mixtureof limited Pareto distributions model.
We would have the following notations : X is a random variable representing the cost
of claims. N is the annual number of claims. Assumethat N is Poissondistributed
with mean� l + � s and that X is a mixture of limited Pareto distributions :

FX (x) = P[X � x] =

8
>>>><

>>>>:

0 if x < As
� s

� s + � l

A � � s
s � x � � s

A � � s
s � A � � s

l
if As � x < A l

� l
� s + � l

A
� � l
l � x � � l

A
� � l
l � B

� � l
l

if A l � x < B l

1 if x � B l :
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We obtain for treaty 1 :

X Re� top
i = min(200; max(0; X i � 800))

X Re� dr op
i = min(100; X i I X i � 20)

S = X Re� top
1 + � � � + X Re� top

N

T = X Re� dr op
1 + � � � + X Re� dr op

N

Cover = min(200; S + max(0; T � 200));

and for treaty 2 :

X Re� top
i = min(200; max(0; X i � 800))

X Re� dr op
i = min(200; max(0; X i � 200))

S = X Re� top
1 + � � � + X Re� top

N

T = X Re� dr op
1 + � � � + X Re� dr op

N

Cover = max(0; S + T � 400):

Obviously theseremarksleadto simpli�cations of the model. Wewill however usethe general
formulation.

2.4 The Pure Premium

Clearly, in both examples,S and T are correlated. Indeedwe have

- S and T are random sumsof non-negative random variableswith identical number N
of terms.

- the summands,X Re� top
i and X Re� dr op

i are themselvescorrelated.

This meansthat even the computation of the pure reinsurancepremium E[Cover] requires
the joint distribution of (S; T). As explained in the introduction, it is possibleto obtain
this joint distribution by using the multiv ariate versionof the Panjer's algorithm. Section3
details further.

3 Multiv ariate Panjer's algorithm

3.1 Gerb er's Discretization Metho d

Panjer's typealgorithms requirelattice distributions. Thereforewemust �rst discretizeclaim
amounts. The local one moment matching method (seeGerber (1982)) is a good choice in
the sensethat it conserves the �rst moment and is stop-lossconservative. Furthermore, in
the caseof the limited Pareto distribution (X � Pa(A; B ; � )), it is not di�cult to obtain
a closed-formof the corresponding lattice distribution. Let us choosea span h (such that
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B � A is a multiple of h). It is easy to demonstrate that the probabilities of the lattice
versionof X (X dis ) are given by :

f X dis (A) = 1 �
(A+ h)1� �

1� � � A 1� �

1� � � B � � h

h(A � � � B � � )
;

f X dis (A + j h) =
2(A + j h)1� � � (A + (j � 1)h)1� � � (A + (j + 1)h)1� �

h(1 � � )(A � � � B � � )
;

j = 1; : : : ;
B � A

h
� 1;

f X dis (B ) = 1 � f X dis (A) � f X dis (A + h) � � � � � f X dis (B � h):

3.2 Multiv ariate Version of Panjer's Algorithm

We are interestedin the joint distribution of the bivariate random vector

(S; T) = (
NX

i =1

X Re� top
i ;

NX

i =1

X Re� dr op
i );

where(X Re� top
i ; X Re� dr op

i ) areindependent copiesof the lattice randomcouple(X Re� top; X Re� dr op).
SinceN is Poissondistributed, Sundt's (1999)multiv ariate versionof the Panjer's algorithm
yields

f S;T (0; 0) = 	 N (f X R e� top ;X R e� dr op (0; 0));

f S;T (s; t) =
s;tX

x;y

�x
s

f S;T (s � x; t � y)f X R e� top ;Y R e� dr op (x; y) ; s � 1;

f S;T (s; t) =
s;tX

x;y

�y
t

f S;T (s � x; t � y)f X R e� top ;X R e� dr op (x; y) ; t � 1;

where
s;tX

x;y

g(x; y) =
sX

x=0

tX

y=0

g(x; y) � g(0; 0);

for any function g and 	 N (u) = E[uN ] = exp(� (u � 1)).

4 Some Elemen ts of Sto chastic Orderings

In this section, we extensively refer to the seminal paper of Dhaeneand Goovaerts (1996)
on dependencyof risks applied in actuarial science.Someresults appear more generally in
probability theory and we will extensively refer to the textbook of M•uller and Stoyan (2002).
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4.1 Stop-Loss Order

Stop-lossorder allows the actuary to order the risks in function of their stop-losspremiums.
Speci�cally, given two risks X and Y, X is said to be smaller in the stop-lossorder than Y
(written X � sl Y) whenever oneof the following equivalent statements holds true:

- E[max(0; X � d)] � E[max(0; Y � d)] ; 8d � 0:

- Eu(X ) � Ev(Y) ; 8 increasingconvex functions u; v provided expectationsexist:

The ranking X � sl Y thus meansthat the stop-losspremiums for X are uniformly smaller
than thosefor Y.

4.2 PH-T ransform Premium Principle

We are interestedin calculating premiumswith the PH-transform premium principle, intro-
ducedby Wang (1996). According to this premium principle, the amount � � (X ) chargedto
cover the risk X is given by

� � (X ) =
Z 1

0
(1 � FX (x)) � dx;

where0 � � � 1. In particular when � = 1, the PH premium reducesto the pure premium.
Wang (1996) proved that

X � sl Y ) � � (X ) � � � (Y) (4.1)

which shows that the PH principle is in accordancewith the stop-lossorder.

4.3 Fr�echet Space

The conceptof Fr�echet spaceemergeswhendealingwith dependence:it o�ers the appropriate
framework to dealwith correlatedrandom variables. Speci�cally, the bivariate Fr�echet space
R(F1; F2) is the classof all bivariate distributions with given marginals F1 and F2. For the
purposeof this paper, we will considerR(F1; F2) as a set of random couples.

4.4 Correlation Order

The correlation order o�ers a powerful tool to compare the elements of a given Fr�echet
space.Let (X 1; X 2) and (Y1; Y2) be elements of R(F1; F2). Then we say that (X 1; X 2) is less
correlated than (Y1; Y2), written (X 1; X 2) � c (Y1; Y2), if

Cov(f (X 1); g(X 2)) � Cov(f (Y1); g(Y2)) ;

for all non-decreasingfunctions f and g for which covariancesexist. The intuitiv e meaning
of a ranking (X 1; X 2) � c (Y1; Y2) is that (X 1; X 2) is \less positively dependent" than (Y1; Y2).

The correlation order enjoys a number of convenient mathematicalproperties. We review
someof them in this section. The results will be useful for the applications in reinsurance.
Theseproperties of the correlation order may be found in M•uller and Stoyan (2002) :
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P1 Characterization : let (X 1; X 2) and (Y1; Y2) be elements of R(F1; F2). Then the follow-
ing statements are equivalent :

- (X 1; X 2) � c (Y1; Y2)

- FX 1 ;X 2 (x1; x2) � FY1 ;Y2 (x1; x2) ; 8x1; x2 � 0.

P2 Closure under convoluting : let (U1; U2) and (V1; V2) be elements of R(F1; F2). Let
(R1; R2) be a random vector independent of (U1; U2) and (V1; V2). Then,

(U1; U2) � c (V1; V2) ) (U1 + R1; U2 + R2) � c (V1 + R1; V2 + R2):

P3 Closureunder compounding : let (Wi ; X i ) and (Yi ; Z i ) be independent copiesof (W; X )
and (Y; Z ) such that (W; X ) � c (Y; Z ). Let us assumethat (W; X ) and (Y; Z ) are
elements of R(F1; F2). Let N be a random variable independent of (W; X ) and (Y; Z ).
If

(SW ; SX ) = (
NX

i =1

Wi ;
NX

i =1

X i ) and (SY ; SZ ) = (
NX

i =1

Yi ;
NX

i =1

Z i ):

Then, (SW ; SX ) � c (SY ; SZ ).

P4 Invarianceto increasingfunctions: (W; X ) � c (Y; Z ) implies(f (W); g(X )) � c (f (Y); g(Z ))
for all increasingfunctions f and g.

P5 Correlation order implies stop-lossorder of the sumof the elements : (W; X ) � c (Y; Z )
implies W + X � sl Y + Z.

Using properties P4 and P5, we immediately obtain the following result :

Result 4.1. Let (X 1; X 2) and (Y1; Y2) be two elementsof R(F1; F2). Then

(X 1; X 2) � c (Y1; Y2)

implies

max(0; X 1 � a) + max(0; X 2 � b) � sl max(0; Y1 � a) + max(0; Y2 � b) ; 8a;b � 0:

4.5 Positiv e Quadran t Dep endence

Henceforth, we also use the concept of positive quadrant dependence,which is de�ned as
follows. Let (X 1; X 2) be an element of R(F1; F2). Let (X ?

1 ; X ?
2 ) be the independent version

of (X 1; X 2), i.e. (X ?
1 ; X ?

2 ) 2 R(F1; F2) and X ?
1 is independent of X ?

2 . Then (X 1; X 2) is said
to be positively quadrant dependent (PQD) if one of the following equivalent statements
holds :

- FX 1 (x1)FX 2 (x2) � FX 1 ;X 2 (x1; x2) ; x1; x2 � 0:

- (X ?
1 ; X ?

2 ) � c (X 1; X 2):
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- Cov(f (X 1); g(X 2)) � 0 ; 8 non-decreasingfunctions f and g:

Seee.g. Dhaeneand Goovaerts (1996) for a proof of theseequivalences.
The following result will be useful for the applications in reinsurance.

Result 4.2. Let X i and Yi be independent copies of the non-negative random variablesX
and Y. Let us assumethat X , Y and N are mutually independentand de�ne

S = X 1 + � � � + X N and T = Y1 + � � � + YN :

Then, (S; T) is PQD, i.e. the stochastic inequality (S? ; T? ) � c (S; T) holds true, where
(S? ; T? ) is the independentversion of (S; T).

Proof. f and g are non-decreasingfunctions. By the decomposition formula of the
covariance,we have

Cov(f (S); g(T)) = E
�
Cov(f (S); g(T)jN )

�
+ Cov

�
E(f (S)jN ); E(g(T)jN )

�
:

The �rst term of the right part of the equality vanishesbecausethe covariance between
independent random variablesis 0. For the secondterm, it is clear that the expectationsare
increasingfunctions of N (becausethe summandsin S and T are assumedto be positive)
and thereforethe secondterm can be rewritten

Cov(u(N ); v(N ));

whereu and v are non-decreasingfunctions. This covarianceis clearly non-negative, which
closesthe proof.

4.6 Comonotonicit y

The concept of comonotonicity generalizesperfect correlation. Comonotonic random vari-
ablesare functionally (and not necessarilylinearly) dependent. For a referencein actuarial
science,seee.g. Wang and Dhaene(1998). Speci�cally, two risks X and Y are said to be
comonotonic

- if their joint distribution function satis�es

FX ;Y (x; y) = min(FX (x); FY (y)) ; 8x; y � 0;

or, equivalently,

- if there exists a random variable Z and non-decreasingfunctions u and v on R such
that

(X ; Y) is distributed as (u(Z ); v(Z )):

By construction, the couples(X Re� top
i ; X Re� dr op

i ) are comonotonic.
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4.7 Fr�echet Theorem

An interesting result, related to the conceptof comonotonicity is the following theorem,due
to Fr�echet (1951)and Hoe�ding (1940). It givesthe extremal elements of any Fr�echet space
with respect to � c.

P6 Let (X 1; X 2) be an element of R(F1; F2). Then we have

(F � 1
1 (U); F � 1

2 (1 � U)) � c (X 1; X 2) � c (F � 1
1 (U); F � 1

2 (U))

with U uniformly distributed over (0,1), or, equivalently, in terms of distribution func-
tions, the inequalities

max[F1(x1) + F2(x2) � 1;0] � FX 1 ;X 2 (x1; x2) � min[F1(x1); F2(x2)]

hold for any x1; x2 2 R.

5 Numerical results

5.1 Discretization

As announcedin Section3, all continuous random variablesare discretizedusing the local
one moment matching method. It is assumedthat all random variables in this sectionare
the discreteversionof the original random variable. We will work with a discretization step
h = 10.

5.2 Treat y 1

5.2.1 Numerical Characteristics

The following characteristicsof the claims may be interesting:

X Re� dr op X Re� top Y Re� dr op SRe� top TRe� dr op URe� dr op

Expectation 100 16.14 42.87 30 4.84 107.17
Variance 0 1817 631.72 3000 623.4 6173.89

Table 5.1: Expectationsand variancesfor Treaty 1

Pearson'scorrelation coe�cien t betweenSRe� top and TRe� dr op is estimatedat 0.35.

5.2.2 Exact Pure Premium

Let us compute the pure premium for our cover :

E[Cover] =
1X

s=0

1X

t=0

1X

u=0

f S;T (s; t)f U (u) min(200; s + max(0; t + u � 200)) = 20:519:
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5.2.3 Upp er and Lower Bounds For the Pure Reinsurance Premium

Now we are able to obtain easyupper and lower bounds. Indeed, let

FSmin ;T min (x1; x2) = max[FS(x1) + FT (x2) � 1;0];

FSmax ;T max (x1; x2) = min[FS(x1); FT (x2)]:

Using P6 in connectionwith P1 we have

(Smin ; Tmin ) � c (S; T) � c (Smax ; Tmax ):

Using P2, we have

(Smin ; Tmin + U) � c (S; T + U) � c (Smax ; Tmax + U):

Using Result 4.1, we have

E[max(0; Smin + max(0;Tmin + U � 200)� 200)]

�

E[max(0;S + max(0;T + U � 200)� 200)]

�

E[max(0; Smax + max(0; Tmax + U � 200)� 200)];

which is equivalent to

E[min(200;Smax + max(0;Tmax + U � 200))]

�

E[min(200;S + max(0;T + U � 200))]

�

E[min(200;Smin + max(0; Tmin + U � 200))]:

The numerical boundsare
19:469� 20:519� 21:279:

5.2.4 Impro ved Upp er Bound For the Pure Reinsurance Premium

Let us observe that it is possibleto improve the upper bound. Let (X Re� top;? ; X Re� dr op;? )
be the independent versionof (X Re� top; X Re� dr op). We de�ne

S? = X Re� top;?
1 + � � � + X Re� top;?

N ;

T? = X Re� dr op;?
1 + � � � + X Re� dr op;?

N :

It is clear, from their construction, that X Re� top and X Re� dr op are comonotonic random
variables. We then have

FX R e� top; ? ;X R e� dr op; ? (x1; x2) � min(FX R e� top (x1); FX R e� dr op (x2))

= FX R e� top ;X R e� dr op (x1; x2) ; 8x1; x2 � 0:
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Therefore
(X Re� top;? ; X Re� dr op;? ) � c (X Re� top; X Re� dr op):

Using P3 we have that
(S? ; T? ) � c (S; T):

However S? and T? are not independent becausethey involve the samenumber of sum-
mands. Therefore,let us de�ne the independent versionsof (S? ; T? ), (S?? ; T?? ) say. Using
Result 4.2 we have

(S?? ; T?? ) � c (S? ; T? ):

By transitivit y, we then obtain

(S?? ; T?? ) � c (S; T):

Using P2 we have
(S?? ; T?? + U) � c (S; T + U):

Using result 4.1 we have

E[max(0; S?? + max(0;T?? + U � 200)� 200)] � E[max(0;S + max(0;T + U � 200)� 200)];

which is equivalent to

E[min(200;S + max(0;T + U � 200))] � E[min(200;S?? + max(0; T?? + U � 200))]:

Numerically, we have
20:519� 21:131:

Summarisingthe results we have

Fr�echet lower bound 19:469
exact result 20:519
independent case 21:131
Fr�echet upper bound 21:279

Table 5.2: Pure premiumsfor Treaty 1

5.2.5 Higher Momen ts and PH-Premiums

It is also interesting to analyseother moments of the cover, or premiums obtained by the
PH-transform premium principle. They are given in Table 5.3.

exact independent
E[Cover] 20.519 21.131
E[Cover2] 265.04 261.32
E[Cover3] 4124.3 3915.8
E[Cover4] 70331 64760

� � � exact � � independent
1 20.519 21.131
0.75 34.898 35.420
0.50 60.786 61.034
0.25 108.71 108.55

Table 5.3: Moments and PH-transform premium principle for Treaty 1.
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We observe that, unfortunately, the other moments, as well as the premiums obtained
with the PH-transform premium principle, are not orderedanymore.

5.3 Treat y 2

5.3.1 Numerical Characteristics

Somepreliminary statistics are displayed in Table 5.4.

X Re� dr op X Re� top Y Re� dr op SRe� top TRe� dr op URe� dr op

Expectations 200 16.14 1.83 600 4.84 4.57
Variances 0 1817.63 206.31 12000 623.4 524.15

Table 5.4: Expectationsand variancesfor Treaty 2

The correlation betweenSRe� top and TRe� dr op is 0.35.

5.3.2 Upp er and Lower Bounds on the Reinsurance Pure Premium

Let us calculate the pure premium for our cover :

ECover =
1X

s=0

1X

t=0

1X

u=0

f S;T (s; t)f U (u) max(0; s + t + u � 400)= 2:252:

Now we are able to obtain easyupper and lower bounds. Using Theorem P6 in connection
with P1, we have

(Smin ; Tmin ) � c (S; T) � c (Smax ; Tmax ):

Using P2, we have

(Smin ; Tmin + U) � c (S; T + U) � c (Smax ; Tmax + U):

Using Result 4.1, we have

E[max(0;Smin + Tmin + U � 400)]

�

E[max(0;S + T + U � 400)]

�

E[max(0; Smax + Tmax + U � 400)]:

Thesenumerical boundsare
0:952� 2:252� 5:471:
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5.3.3 Impro ved Lower Bound on the Reinsurance Pure Premium

We are now able to improve the lower bound, which is unfortunately lessinteresting than in
the previousexample.X Re� top;? and X Re� dr op;? are the independent versionsof X Re� top and
X Re� dr op, that is X Re� top;? and X Re� dr op;? are independent and have the samedistributions
as X Re� top and X Re� dr op, respectively.
Let us de�ne

S? = X Re� top;?
1 + � � � + X Re� top;?

N ;

T? = X Re� dr op;?
1 + � � � + X Re� dr op;?

N :

It is clear, from their construction, that X Re� top and X Re� dr op are comonotonic random
variables. We then have

FX R e� top; ? ;X R e� dr op; ? (x1; x2) � min(FX R e� top (x1); FX R e� dr op (x2))

= FX R e� top ;X R e� dr op (x1; x2) ; 8x1; x2 � 0:

Therefore
(X Re� top;? ; X Re� dr op;? ) � c (X Re� top; X Re� dr op):

Using P3, we have
(S? ; T? ) � c (S; T):

However S? and T? are not independent and there is no interest to work with this random
vector. Then, let us de�ne the independent versionsof S? and T? : S?? and T?? . Using
Result 4.2, we have

(S?? ; T?? ) � c (S? ; T? ):

By transitivit y, we obtain
(S?? ; T?? ) � c (S; T):

Using P2, we have
(S?? ; T?? + U) � c (S; T + U):

Using Result 4.1, we have

E[max(0; S?? + T?? + U � 400)] � E[max(0;S + T + U � 400)]:

Numerically, we have
1:153� 2:252:

The results are summarizedin the following table:

Fr�echet lower bound 0:952
independent case 1:153
exact result 2:252
Fr�echet upper bound 5:471

Table 5.5: Treaty 2 : pure premium
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5.3.4 Higher Momen ts and PH-Premiums

Contrary to Treaty 1, we are now able to compareother moments and premiums obtained
by the PH-transform premium principle. Numerical results are summarizedin Table 5.6.

exact independent
E[Cover] 2.252 1.152
E[Cover2] 486.9 242.3
E[Cover3] 140198 61874
E[Cover4] 51084848 19062223

� � � exact � � independent
1 2.252 1.152
0.75 7.815 4.611
0.50 30.22 20.60
0.25 170.04 143.41

Table 5.6: Moments and PH-transform premiumsfor Treaty 2

In this casethe characterizationof the stop-lossorder and 4.1aredirectly applicablebecause
we have

Cover? � sl Cover:

5.4 Treat y 2bis

Typically, a reinsurerwill not o�er an unlimited cover, at least for property business.There-
fore the cover of Treaty 2 should be limited in practice and could read

Cover = min(400; max(0; S + T + U � 400));

which we call Treaty 2bis.
Pricing this realistic cover thus requiresexact computations becauseof our inabilit y to

show that the derived boundsremain valid. We obtain the following results:

Fr�echet lower bound 0:952
independent case 1:153
exact result 2:252
Fr�echet upper bound 5:471

Table 5.7: Pure premiumsfor Treaty 2bis

For this example, the bounds remain valid. This result is probably due to the very low
probability of exhausting the cover, a fact that is con�rmed by observing that the pure
premium is the same(at least with three decimal digits) in both cases.
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6 Generalization

6.1 Extension of the Cover to n Layers

Let us now reexaminethe problem in a very generalsetting. Let us assumethat every large
claim X i is splitted into 8

><

>:

X Re� 1
i =  1(X i )

...
X Re� n

i =  n (X i )

wherethe functions  1; : : : ;  n arenon-decreasing.The cover o�ered by the reinsureris then
built as Cover=	( S1; : : : ; Sn ; U1; : : : ; Uk) for somenon-decreasingfunction 	, where

Sj =
NX

i =1

X Re� j
i =

NX

i =1

 j (X i )

and the Uj 's are independent of the Sj 's (t ypically, the Uj 's depend on the small claims).
Henceforth,we will imposea further condition on 	, namely supermodularit y. We recall

that a function � : Rn ! R is said to be supermodular if for any x ; y 2 Rn it satis�es

� (x ) + � (y ) � � (x ^ y ) + � (x _ y );

where the operators ^ and _ denotecoordinatewiseminimum and maximum, respectively.
This is equivalent to requiring that

� (x1; : : : ; x i + �; : : : ; x j + � ; : : : ; xn ) � � (x1; : : : ; x i + �; : : : ; x j ; : : : ; xn )

� � (x1; : : : ; x i ; : : : ; x j + � ; : : : ; xn ) � � (x1; : : : ; x i ; : : : ; x j ; : : : ; xn )

holds for all x 2 Rn , 1 � i < j � n and all �; � > 0. Consideringthe latter inequality, an
intuitiv e explanation of the notion of supermodularit y can be as follows. Let x1; x2; : : : ; xn

be claim amounts and � (x1; x2; : : : ; xn ) the corresponding amount paid by the reinsurer to
the insurer. Then supermodularit y of � meansthat the consequencesof an increaseof a
singleclaim are worsefor the reinsurer the higher the other claims are. This translates the
needof security of the direct insurer and makessupermodularit y a plausibleassumptionfor
	.

Note that the function

(s1; s2; u) 7! 	( s1; s2; u) = maxf s1 + s2 + u � � ; 0g

is supermodular (this comesfrom condition (1c) on page150 of Marshall and Olkin (1979)
together with Property D2 page151(ibidem)).

On the contrary, the function

(s1; s2; u) 7! 	( s1; s2; u) = min
n

� ; s1 + maxf s2 + u � � ; 0g
o
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is not supermodular. To realizeit, let us choose� , � , s1, s2 and u such that

� = maxf 0; s2 + � + u � � g > 0

maxf 0; s2 + u � � g = 0

minf � ; s1 + �; + � g = minf � ; s1 + � g = �

minf � ; s1 + � g = s1 + �

minf � ; s1g = s1:

It is easyto seethat the precedingrelations respect the conditions on � and � : �; � > 0. For
	( s1; s2; u) to be supermodular, the following relations has to hold true :

	( s1 + �; s2 + � ; u) � 	( s1 + �; s2; u) � 	( s1; s2 + � ; u) � 	( s1; s2; u)

for all valuesof s1; s2; u; �; � . With the particular casedescribed hereabove we �nd

� � s1 � � � � � s1;

or equivalently � � 0 which violates the hypothesis on � . This example shows that the
function 	( s1; s2; u) is not supermodular.

So, the results derived in this section do not apply in this particular case. This means
that Treaty 1 cannot be treated within the present generalization.Thereforethe analysis
proposedin the precedingsectionsis relevant. RegardingTreaty 2, it may be treated within
the present generalization.

The function

(s1; s2; u) 7! 	( s1; s2; u) = min
n

� ; maxf s1 + s2 + u � � ; 0g
o

;

coresponding to Treaty 2bis may also be shown not to be supermodular. So within this
section dedicatedto the generalizationof the techniquesin higher dimensions,we will not
be able to addressTreaty 2bis.

6.2 Comonotonicit y

Let us recall the de�nition of comonotonicity in the multiv ariate case. The random vector
X is said to be comonotonicif it is distributed as (� 1(Z ); � 2(Z ); : : : ; � n (Z )), where Z is a
real-valuedrandom variable and the � i 's arenon-decreasingreal-valuedfunctions. From this
de�nition, we seethat comonotonicrisks can be consideredas \common monotonic" in the
sensethat such risks are not able to compensateeach other. Note that X is comonotonicif,
and only if, its distribution function FX coincideswith the Fr�echet upper bound, i.e.

FX (x ) = minf F1(x1); : : : ; Fn (xn )g for all x1; x2; : : : ; xn 2 Rn :

6.3 Supermo dular Order

The de�nition of correlation order does not carry directly to higher dimensions. An ap-
propriate multiv ariate analogueto � c is the supermodular order. The supermodular order
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has beencursorily studied in the applied probability literature; standard referencesinclude
Shaked and Shanthikumar (1997) and B•auerle & M•uller (1998). It is de�ned by meansof
supermodular functions. Speci�cally, let X and Y be two n-dimensional random vectors
such that E[� (X )] � E[� (Y )] for all supermodular functions � : Rn ! R, provided the ex-
pectationsexist. Then X is said to be smaller than Y in the supermodular order (denoted
by X � smY ).

Sincethe functions y 7! I [y > x ] and y 7! I [y � x ] aresupermodular for each �xed x , it
is immediate that if X � sm Y then X i and Yi are identically distributed for i = 1; 2; : : : ; n.
Therefore,if X � sm Y then X and Y have necessarilyto belongto the sameFr�echet space.

It is worth mentioning that in the special casen = 2, X � sm Y , X � c Y .
Supermodular ordering is a useful tool for comparing dependencestructures of random

vectors. As pointed out above, only distributions with the samemarginalscan be compared
in the supermodular sense.Moreover, all functions � (x ) = x i x j for i 6= j are supermodular.
Hence,

X � smY ) Cov(X i ; X j ) � Cov(Yi ; Yj ) for any i 6= j :

Roughly speaking, the supermodular stochastic order comparesthe strength of the positive
dependenceof the underlying random vectors.

Let us now recall the following result, given in Shaked and Shanthikumar (1997).

P7 The supermodular order is closedunder conjunctions : let X 1; X 2; : : : ; X m be a set
of independent random vectors where the dimensionof X i is ki , i = 1; 2; : : : ; m. Let
Y 1; Y 2; : : : ; Y m be another set of independent random vectorswherethe dimensionof
Y i is ki , i = 1; 2; : : : ; m. If X i � smY i for i = 1; 2; : : : ; m, then

(X 1; X 2; : : : ; X m )� sm (Y 1; Y 2; : : : ; Y m ):

We will alsoneedthe following result, that canalsobe found in Shakedand Shantikumar
(1997).

P8 The upper Fr�echet bound provides the strongest dependencestructure in the � sm -
sense,that is X � sm X max , where X max is a comonotonic random vector with the
sameunivariate marginal distribution as X .

6.4 Ordering the Appro ximations to (S1; : : : ; Sn)

Each random vector (X Re� 1
i ; : : : ; X Re� n

i ) is obviously comonotonic(since every component
is a non-decreasingfunction of the sameunderlying random variable X i ), so that

(X Re� 1;?
i ; : : : ; X Re� n;?

i ) � sm (X Re� 1
i ; : : : ; X Re� n

i ):

From this stochastic inequality, we get from the independenceof the X i 's that

�
S?

1 ; : : : ; S?
n

�
� sm (S1; : : : ; Sn ) whereS?

j =
NX

i =1

X Re� j ;?
i ;
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because� sm is closedunder compouding (seee.g. Shaked and Shantikumar (1997) for more
details).

Moreover, we alsohave

(S1; : : : ; Sn ) � sm (Smax
1 ; : : : ; Smax

n ):

where(Smax
1 ; : : : ; Smax

n ) is a comonotonicversionof (S1; : : : ; Sn ).
Let us recall the following result, obtained by Denuit, Genestand Marceau(2001).

P9 Let (M 1; : : : ; M n ) be a vector of integer-valued random variables,and given sequences
(X 1k); : : : ; (X nk ) of positive random variables,considerthe random sums

SM i =
M iX

k=1

X ik ; 1 � i � n: (6.1)

Let M = (M 1; : : : ; M n ), M 0 = (M 0
1; : : : ; M 0

n ) be two vectorsof integer-valued random
variables,and let SM = (SM 1 ; : : : ; SM n ) andSM 0 = (SM 0

1
; : : : ; SM 0

n
) bede�ned according

to (6.1). Then, M � sm M 0 ) SM � sm SM 0.

Let us de�ne

S??
j =

N jX

i =1

X Re� j ;?
i

wherethe N j 's are independent copiesof N . P8 ensuresthat (N1; : : : ; Nn ) � sm (N; : : : ; N ).
We then get from P9 that

�
S??

1 ; : : : ; S??
n

�
� sm

�
S?

1 ; : : : ; S?
n

�
:

Since� sm is closedunder concatenation(P7), we have

(S??
1 ; : : : ; S??

n ; U1; : : : ; Uk) � sm (S?
1 ; : : : ; S?

n ; U1; : : : ; Uk)

� sm (S1; : : : ; Sn ; U1; : : : ; Uk)

� sm (Smax
1 ; : : : ; Smax

n ; U1; : : : ; Uk):

Hence,we canobtain boundson the pure premium since	 hasbeenassumedsupermodular.
However we are not able to compareother moments of the cover or premiumsobtained with
the PH-transform premium principle.

7 Conclusion

With the hypothesis that the reinsurancecover is a function of a comonotonic random
vector, we have shown that it is possibleto obtain boundsat least for the pure premium. In
particular, we observed that for a particular treaty, the wrong hypothesisof independence
provides an upper bound for the pure premium of the treaty. This happenswhen the cover
of the treaty is limited and when the comonotonicrandom variablesexpressedas an excess
of the sameunderlying random variable. Unfortunately, we have found in onecasethat the
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other moments of the cover are no longerorderedand we do not have a theoretical result on
theseorders.

On a secondexample,the wrong hypothesisof independencewasnot conservative, which
shows the consequenceof not working with the exact model when it is known. Furthermore
the upper and lower Fr�echet bounds may be quite far from the exact result, as shown in
Treaty 2.

The theoretical results used in dimension 2 have been extended in higher dimensions
by using the supermodular ordering. However, we have observed that our �rst numerical
examplecould not be treated within the multiv ariate generalization.A particular treatment
in dimension2 was necessaryto handle it correctly.
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