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LIMIT DISTRIBUTIONS FOR THE RATIO
OF THE RANDOM SUM OF SQUARES
TO THE SQUARE OF THE RANDOM SUM
WITH APPLICATIONS TO RISK MEASURES

Sophie A. Ladoucette and Jef J. Teugels

ABSTRACT. Let {X1,X>,...} be a sequence of independent and identically
distributed positive random variables of Pareto-type and let {N(¢); t > 0} be
a counting process independent of the X;’s. For any fixed ¢t > 0, define:

X2+ X2+ + X2

T — N(®)
MO X+ X+ Xyp)?
if N(t) > 1 and T = O otherwise. We derive limits in distribution for

Tn(t) under some convergence conditions on the counting process. This is
even achieved when both the numerator and the denominator defining T (¢)
exhibit an erratic behavior (EX; = oco) or when only the numerator has an
erratic behavior (EX; < oo and EX? = co). Armed with these results, we
obtain asymptotic properties of two popular risk measures, namely the sample
coefficient of variation and the sample dispersion.

1. Introduction

Let {X1, Xa,...} be a sequence of independent and identically distributed pos-
itive random variables with distribution function F' and let {N(t); t > 0} be a
counting process independent of the X;’s. For any fixed ¢t > 0, define the random
variable T ;) by:

X+ X5+ + X3

2
(X1 + X+ + Xyw)
if N(t) > 1 and T := 0 otherwise.

The limiting behavior of arbitrary moments of the ratio T () is derived in

Ladoucette [8] under the conditions that the distribution function F of X; is of
Pareto-type with index o > 0 and that the counting process {N(t); t > 0} is

(1.1) TN(t) =
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220 LADOUCETTE AND TEUGELS

mixed Poisson. In this paper, we focus on weak convergence in deriving limits in
distribution for the appropriately normalized Ty ;). We still assume that F is of
Pareto-type with index o > 0 except in one result where we assume that the fourth
moment of X7 exists. Our results are derived under the additional condition that
the counting process either D-averages in time or p-averages in time according to
the range of a. We therefore generalize results established by Albrecher et al. [1]
where the counting process is non-random (deterministic case). The appropriate
definitions along with some properties are given in Section 2.

The results of the paper rely on the theory of functions of reqular variation (e.g.,
Bingham et al. [4]). Recall that a distribution function F on (0, c0) of Pareto-type
with index a > 0 is defined by:

(1.2) 1—F(x) ~2~%(z) as x— o0

for a slowly varying function ¢, and therefore has a regularly varying tail 1 — F with
index —a < 0.
Let pg denote the moment of order 8 > 0 of Xy, i.e.:

0

Clearly, both the numerator and the denominator defining 7'y (;) exhibit an erratic
behavior if ;3 = 0o, whereas this is the case only for the numerator if 1 < oo and
o = co. When X (or equivalently F') is of Pareto-type with index a > 0, it turns
out that pg is finite if 3 < o but infinite whenever 8 > «. In particular, p; < oo
if a > 1 while pz < 0o as soon as a > 2. Since the asymptotic behavior of Ty ()
is influenced by the finiteness of p; and/or s, different limiting distributions will
consequently show up according to the range of a. This is expressed in our main
results given in Section 3. In Section 4, we use our results to study the asymptotic
behavior of the sample coefficient of variation and the sample dispersion through
limits in distribution.
The coefficient of variation of a positive random variable X is defined by:

VVX

CoVar(X) := ——

(X) = Fx

where VX denotes the variance of X. This risk measure is frequently used in
practice and is very popular among actuaries. From a random sample X1, ..., Xy )

from X of random size N(t) from a nonnegative integer-valued distribution, the
coefficient of variation CoVar(X) is naturally estimated by the sample coefficient
of variation defined by:

— S
1.3 CoVar(X) := =
(1.3 (x) =2
where X := ﬁ vaz(lt) X; is the sample mean and S? := ﬁ Efi(f) (Xi - Y)2

is the sample variance. The properties of the sample coefficient of variation are
usually studied under the tacite assumption of the finiteness of sufficiently many
moments of X. However, the existence of moments of X is not always guaranteed
in practical applications. It is therefore useful to investigate the limiting behavior
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of CoVar(X) also in these cases. It turns out that this can be achieved by using
results on Ty(;). Indeed, the quantity Tv(;) appears as a basic ingredient in the
study of the sample coefficient of variation due to:

(1.4) CoVar(X) = /N(t) Ty — 1.
In Subsection 4.1, we take advantage from this link to derive asymptotic properties
of the sample coefficient of variation under the same assumptions on X and on the
counting process as in Section 3. Note that this is done even when the first moment
and/or the second moment of X do not exist.
Another risk measure of the positive random variable X that is very popular

is the dispersion defined by:

VX
- EX
For instance, in a (re)insurance context, the value of the dispersion is used to
compare the volatility of a portfolio with respect to the Poisson case for which the
dispersion equals 1. Similarly to the coefficient of variation, the dispersion D(X)
is typically estimated by the sample dispersion defined by:

D(X):

— S2

(1.5) D(X):
Defining the random variable Cy ;) for any fixed ¢ > 0 by:

XP+ X5+ + X3

X + Xo+ -+ X
if N(t) > 1 and Cy() := 0 otherwise, leads to the following link with the sample
dispersion:

(1.6) CN(t) :

(1.7) D(X) = Cng) — X.

It turns out that results from Section 3 can be used to derive asymptotic properties
of the sample dispersion from those of C (). The results are given in Subsection 4.2
under the same conditions on X and on the counting process as in Section 3. As
for the sample coefficient of variation, cases where the first moments of X do not
exist are also considered.

2. Preliminaries

Though standard notations, we mention that =, L, P, stand for conver-

gence almost surely, in probability and in distribution, respectively. Equality in
distribution is denoted by 2. For two measurable functions f and g, we write
f(z) = o(g(x)) as @ — oo if lim,_,o f(2)/g(x) = 0 and f(z) ~ g(z) as z — oo if
lim, o0 f(2)/g(x) = 1. Finally, I'(-) denotes the gamma function.

Let {N(t); t > 0} be a counting process. For any fixed ¢ > 0, the probability
generating function of the random variable N (t) is defined by:

Qi(2) :=E{cNW} =Y PIN(t) = n] 2", |2| < 1.
n=0
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Most of our results are obtained by assuming that the counting process satisfies
the following condition:

N(t

# LA as t—oo
where the limiting random variable A is such that P[A > 0] = 1. The counting
process is then said to D-average in time to A. In two cases however, we will need
to require the stronger condition that the above convergence holds in probability
rather than in distribution, i.e.:

N(t)

p
— A as t— o0

in which case the counting process is said to p-average in time to A. Whether the
counting process D-averages in time or p-averages in time, we have N(t) 2% %0
as t — oo. Very popular counting processes D-average in time. The deterministic
case provides a first example for which A is degenerate at the point 1. Any mixed
Poisson process obviously D-averages in time to its mixing random variable. We
refer to the monograph by Grandell [7] for a very thorough treatment of mixed
Poisson processes and their properties. Finally, any renewal process generated by a
positive distribution with finite mean p also D-averages in time with A degenerate
at the point 1/pu.

The convergence in distribution being equivalent to the pointwise convergence
of the corresponding Laplace transforms, a counting process that D-averages in
time or p-averages in time to A satisfies:

. —ON(t)/t | _ —0A
(2.1) Jim E{e }=E{c}, 030,
For every 8 > 0, define ug(z) := e %% for £ > 0. The family of functions

{u9}9>o being equicontinuous provided 6 is restricted to a finite interval, the con-
vergence in (2.1) holds uniformly in every finite f-interval (e.g., Corollary page 252
of Feller [6]).

As specified above, most of our results are derived under the condition that
the tail of F satisfies (1.2), i.e. that 1 — F' is regularly varying with index —« < 0.
Recall that a measurable function f: (0,00) — (0,00) is regularly varying with
index v € R (written f € RV,) if for all > 0, limy_,o f(tz)/f(t) = 7. When
~v = 0, the function f is said to be slowly varying. For a textbook treatment on
the theory of functions of regular variation, we refer to Bingham et al. [4]. Tt is
well-known that the tail condition (1.2) appears as the essential condition in the
Fréchet-Pareto domain of attraction problem of extreme value theory. For a recent
treatment, see Beirlant et al. [2]. When « € (0,2), the condition is also necessary
and sufficient for F' to belong to the additive domain of attraction of a non-normal
a-stable distribution (e.g., Theorem 8.3.1 of Bingham et al. [4]). Recall that a

stable random variable X is positive if and only if X z cU, for some ¢ > 0 and
v € (0,1), where the random variable U, has the following Laplace transform:

(2.2) E{e %} = T 9 > 0.
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Any random variable U, having the Laplace transform (2.2) with v € (0,1) is then
positive vy-stable.
Finally, we give a general result that will prove to be very useful later on.

LEMMA 2.1. Let {Y,; n > 1} be a general sequence of random variables and
{M(t); t = 0} be a process of nonnegative integer-valued random variables. Assume

that {Yp;n > 1} and {M(t); t > 0} are independent and that M(t) > co as
t — o0. IfYnLY as n — oo then Yy Py oast— co.

PROOF. Let y be a continuity point of the distribution function Fy of Y. For
every € € (0,1), there exists ng = no(€,y) € N such that [P[Y,, < y] — Fy(y)] < ¢

for all n > ng, since Y,, LY asn — . By using conditioning and independence
arguments, we then obtain:

[PYary < 9l — Fy (v)]

’(:ﬁ i ) {PIYs <yl = Fy (y)} PM(t) = n]

n=no+1

N

S IB¥, < 4] - Fy () BIM(8) = ]

+ > [PY, <yl - By (y)|PIM(1) = 1]
n=nop+1

< PIM(t) < ngl + eP[M(t) > no).

Since M (t) - oo as t — oo, it follows that lim sup,_.__ |]P’[YM(t) <yl - Fy(y)| <e.
The claim is proved upon letting € | 0. O

3. Convergence in Distribution for Ty

We derive asymptotic distributions for the properly normalized ratio T
defined in (1.1) under the condition that the distribution function F' of X; is of
Pareto-type with index o > 0 as defined in (1.2). The last result is even established
by assuming that pu4 < oo and consequently holds in the cases a = 4 if puy < 00
and a > 4. Throughout the section, the counting process {N(t); t > 0} is assumed
to D-average in time except for two results where we need to make the stronger
assumption that it p-averages in time.

THEOREM 3.1. Assume that X1 is of Pareto-type with index o € (0,1) and that
{N(t); t > 0} D-averages in time to the random variable A. Then:

D Ua/2
e — 7

where the random vector (Uy/2,Us)" has the Laplace transform:

as t— o0

oo
(3.1) E{e"’Ua/z_SUa} = exp(—/ e su 2ru+s)u™® du) , r>=0,5>0.
0

In particular, the marginal random variables Uy /o and U, are positive stable with
respective exponent a/2 and o and have the Laplace transform (2.2) with v = «/2
and v = « respectively.
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PROOF. Let 1 — F(x) ~ x~*4(z) as x — oo for some £ € RV and « € (0,1).
Define a sequence (at)¢>o by 1 — F(at) ~ 1/t as t — oo, i.e. lims,o0 ta; “€(as) = 1.
Notice that a; € RV, /4.

Let » > 0 and s > 0 be fixed. By using conditioning and independence argu-
ments, we obtain:

1 N )
E s X2 _ g X; _ —0a,t(r,8)/t
{exp( Ta%; ; Sat; )} Qt<e )
with o, (r,s) == —t log [~ er(@/ar)’ —sz/a; dF(z) € [0,00). We know from the

proof of Theorem 2.1 of Albrecher et al. [1] that:
tlim Sai(r,s) = / g s (2ru+ s) u™ " du =: 04(r, s) € [0,00)
— 00 0

and that:

/
1 <& , 1 n - /
(FL ) = ity w nmo
where the Laplace transform of (U, 2,Us)" is given by:

E{e*TU“/rSU“} = %M >0, 5>0.

It follows in particular that U,/ and U, each have the Laplace transform (2.2)
with v = a/2 for the former and v = « for the latter, meaning that U, , is positive
a/2-stable and that U, is positive a-stable.

Define ¢;(0) = Q:(e~%t) = E{e=N®/t} for 6 > 0 so that limy_oc ¢¢(0) =
E{e_“} =: ¢(0) by (2.1). Write the following triangular inequality:

|£¢(8a,t(r, 8)) = (b (r, )| < |9t(6a,t(r,5)) = (0t (7; 8))| + |(ba,t (7, 5)) = @(Ba(r, 5))] -

On the one hand, lim;_ o |¢(0a,:(7, 8)) — ©(da (7, s))| = 0 by continuity of ¢. On
the other hand, for ¢ large enough, there exist reals a,b with 0 < a < 04(r,8) < b
such that da4(r, s) € [a,b]. Then, lim;_,o0 [01(0a.t(r, 8)) — ©(da,t(r,s))| = 0 if and
only if limy— o SUPgeq4) |91 (0) — (0)] = 0. The latter is true since (2.1) holds uni-
formly in every finite f-interval. As a consequence, we have lim;_, oo ©¢(da,¢(r, 8)) =
©(0a(r,s)), that is:

1 N N(t)

1
tlim E{ exp (— r— Z X2 —s5— Z Xi)} = E{e‘é”(r’s)l\}, r>0,s>0.
e a4 = at i

However, since A is independent of U,/; and U,, we readily compute by using
conditioning arguments:

(32) E{e*T‘Ua/zAQ/a—SUaAl/Q} _ E{eféa(r,s)A} T > 07 s> 0.

Hence, we have proved the following:
1 N(t) 1 N(t) .
59 (G G R0 T a0

t =1
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where (U, /o A>/®, U, A1)’ has the Laplace transform (3.2). The Continuous Map-
ping Theorem (CMT) see e.g. Corollary 1 page 31 of Billingsley [3], finally gives:

N N _
(t) , (t) 2 p Uas
Ty = ZX ZX — I as t— o0
(e}

where (Uy/2,Uy)" has the Laplace transform (3.1). This concludes the proof. [

THEOREM 3.2. Assume that X1 is of Pareto-type with index o = 1 and py =
Assume that {N(t); t = 0} D-averages in time to the random variable A. Then:

N 2
<Zt> TN(t)i)Ul/Q as t— oo
t

where Uy jo is a positive 1/2-stable random variable with Laplace transform (2.2)
for v =1/2 and where the sequences (at)i~o and (a})¢>o are respectively defined by
limy oo ta; *(as) = 1 and lim; .o ta} 0(a}) = 1 with £(z) == [ Z(u) du € RVy.

PROOF. Let 1—F(z) ~ 27 Y(z) as x — oo for some £ € RV such that p; = .
Define a sequence (a;)i>0 by 1 — F(a;) ~ 1/t as t — oo, i.e. limy_o ta; Y(a;) = 1,

and a sequence (a})y>0 by limy_oo ta;, *0(a}) = 1 with f(z) := o @du. Note
that ¢ € RV and lim, o £(x)/¢(z) = 0 (e.g., Proposition 1.5.9a of Bingham et
al. [4]).

Let r > 0 and s > 0 be fixed. We readlly compute:
N(t)

{exp (—r 5 Z X2 - a% Z Xz)} - Q, <6—5t(r7s)/t>
i=1

with 6;(r,s) == —t log [;* e~r(@/a)’=sz/a; gP(z) € [0,00). The Dominated Con-
vergence Theorem (DCT) gives limy_ fooo e~r(@/a)’=se/ai gp(z) =1, so that:

ot(r,s)  ~ ZT/ ye_ryz_syat/“; t(1— F(awy))dy
0

tToo
24 [0 ’ aly _
+S—,/ e_éy/ (1—-F(x)) e~(@/2)” 4 dy.
ay Jo 0

Since limg .o £()/0(z) = 0, we obtain with de Bruijn conjugate arguments that
lim;, o0 a¢/a; = 0. Note however that a:/a} € RV since a; € RV; and a} € RV;.
Applying Potter’s theorem (e.g., Theorem 1.5.6 of Bingham et al. [4]) and the DCT
then leads to:

o0 o0
tlim 2r/ ye TV svac/aly (1 - F(aw))dy = 27“/ e dy = /1.
- 0 0

Since p1 = oo, we have K fo (1- ))du as x — co. For any y > 0, we then
obtain as t — o0o:

’
/

a;y 2 ay ~ ~
| a=Fay e / (1~ () d ~ Uaty) ~ U(ai) ~ %
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so that the DCT leads to:

i EE [ e [ —r(w/ar)?

lim —- e %Y (1—=F(x))e "% dxdy = s.

0 0

It follows that lim; . 0;(r,s) = v/rm + s. A similar argument as in the proof of
Theorem 3.1 applied to the convergence of Q;(e=%("*)/*) then yields:

1 N(t) 1 N(t)
lim E{exp (— r? Xf -5~ Xl>} = E{e_WA_SA} ,r>=0,s>0.
t

t—o0
i=1 =1

Repeating the proof of Theorem 3.1 with s = 0 shows that a; > Zili(lt) X2 2,
Uiz A? ast — oo, where U, /2 1s a positive 1 /2-stable random variable independent
of A with Laplace transform (2.2) for v = 1/2. From this independence, we get by
using conditioning arguments:

(3.4) D - (I Y A}

It then follows that:

N(t)
1

(3.5) (an X2 g X) (U2 A% A) as t— o0
t =1

where (U2 A%, A)’ has the Laplace transform (3.4). The CMT finally gives:

a2 1 N(t) N(t) -2 "
() o () 5) 2 1
i=1

and the proof is complete. O

THEOREM 3.3. Assume that X is of Pareto-type with index o € (1,2) (includ-
ing o =1 if p1 < o00) and that {N(t); t > 0} D-averages in time to the random
variable A.

N(t)\2 1
(a) Then: (L) Tn N — Uay2 A% gs t— oco.
ag 25}

t\2 1 U,
(b) Then: (a—t) Ty N 2 ATZQ as t— oo.
In (a) and (b), Uy /s is a positive o/2-stable random variable independent of A with
Laplace transform (2.2) for v = /2. Moreover, the sequence (at)i>o is defined by
lim; o0 ta; “l(ar) = 1.

PROOF. Let 1 — F(z) ~ = *¢(z) as x — oo for some ¢ € RV, and o € (1,2)

or a = 1if p3 < oo. Define a sequence (at)¢~o by 1 — F(ay) ~ 1/t as t — oo, i.e.
lim; o ta; “l(a;) = 1. Note that a; € RV 4.

(a) Since py < oo and N(t) £ oo as t — oo, we get ﬁ Zi\[:(f) X; 25 as

t — oo by Lemma 2.1. Repeating the proof of Theorem 3.1 with s = 0 shows that

a; EN(t) X2 = P — Uqy2 A%/ ast — oo, where Uq 2 is a positive a/2-stable random
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variable independent of A with Laplace transform (2.2) for v = «/2. Slutsky’s
theorem (e.g., Corollary page 97 of Chung [5]) and the CMT then yield:

N(t) N({) | -2
N\ 1 ) 1 p 1 )

Ton — [ = § X § X; = U, p A t )

( as ) N(t) (a? pat 7 N(t) P /141 /2 as — 0

(b) Let » > 0 and s > 0 be fixed. We readily compute:

N() N()

E{GXP(TZX2SZX>} ( at(rs)/t)

with 64, (7, s) == —t log [* e~r(@/a)*=sv/t gF (1) € [0,00). By virtue of the DCT,
we have lim;_, fooo e—r(@/ar)?—sz/t dF (z) = 1. Tt then follows that:

Saalrs) o 2 [ ye I (1 o) dy

o0
+s/ (1 F(z)) e-r@/at=sa/t g
0

If o =1, we have ¢(x) = o(1) as x — oo since p; < oo so that a;/t ~ (a;) — 0 as
t — oo. If a € (1,2), we have a;/t ~ aj~“¢(a;) — 0 ast — oo since 1 —a € (—1,0).
In both cases, we obtain that lim;_,~, a;/t = 0. Applying Potter’s theorem and the
DCT then leads to:

tlim 2r/ ye_Ty2_Sy“t/tt (1 - F(awy))dy = 27‘/ yl_ae_Tdey =720 (1—a/2).
e 0 0
Since p1 < oo, an application of the DCT gives:
lim 5/ (1 - F(x)) o—r(@/a)?=sz/t g, _ Sp1.
0

t—o0

It follows that lim; .. d4.¢(r, s) = r®/2T(1 — a/2) + spy. A similar argument as in
the proof of Theorem 3.1 applied to the convergence of Q¢ (e"sa’f(”)/ lt) then yields:

N N
lim FEX exp —ri Z(t:)X,Q — s1 z(t:)X» = E{e‘ra/zr(l_"‘ﬂ) A_S’“A} rz0
t—o00 a% e v t P ¢ T8 2 0.

We know from (a) that a, ZN(P X? 2, Uy 2 A*/ as t — oo, where Uy s is a
positive a/2-stable random variable independent of A with Laplace transform (2.2)
for v = /2. From this independence, we get by using conditioning arguments:

(36) E{G—TUQ/Q AZ/“—sulA} — E{e_TQ/QF(l—a/Q) A—sulA} T > 0, s> 0.

It then follows that:
N(t) N(t)

/
(3.7) <1 ZXz 1ZX> L a/QA/ JpaA) as t— oo
a

t =1
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where (Uy /2 A2/ 11 A) has the Laplace transform (3.6). The proof is finished since
the CMT gives:

£\ 2 N(t) N(t) -2 1 U

— = 2 D, - _Za/2

(at) TN(t)—( ZX)< ZX) —>M% A—2a 28 t — oo.
Note that (t/a;)* € RVa_s/q. O

THEOREM 3.4. Assume that X1 is of Pareto-type with index o = 2 and pg =
Assume that {N(t); t > 0} D-averages in time to the random variable A.

N(t)\2 2
(a) Then: (#) T 2, — A as t— oo
a n
t 2 i
(b) Then: ( ) TNy — N e as t— oo.

In (a) and (b), the sequence (a})i>o is defined by limy_ o t a)20(a}) = 1 with 0(z) :=
[ gy € RV,

PROOF. Let 1—F(z) ~ 27 2¢(x) as 2 — oo for some £ € RVO such that pg = oo.
Define a sequence (aj)¢>o by limy_.o tay >0(a}) = 1 with {(z) := [ e(::) du € RVy.
Note that aj € RV, and then (t/a})? € RV;.

(b) Let r > 0 and s > 0 be fixed. We readily compute:

N(t

E{GXP( Z X? - sf Z X; )} < fét(ns)/t)

with §;(r,s) == —t logf —r(a/ay)*~so/t dF(z) € [0,00). By virtue of the DCT,
we have lim;_, o foo _7"("”/“ ) —sa/t dF(z) = 1. Tt then follows that:

2 2t
0t (r, 8) ! / _Ty/ F(z)) e/t da dy
tToo
+S/ 1 7F )) 7r(m/at) —sz/t dr.
0

Since py = oo, we have {(z) ~ Jo w1 = F(u))du as * — oo. For any y > 0, we
then obtain as ¢ — oo:

ay i aiVy
/ x(l—F(x))e_sw/tdxw/ z(1—F(x ))dxw[(atf)wé(at)
0 0
so that the DCT leads to:

2 2t e s} ai\/ﬂ
lim T—Q / e_”’/ z(1— F(z)) e/t da dy = 2r.
0

Since p1 < 0o, we have by virtue of the DCT:

12
ai”

lim s/ (1-F(x)) e~r(@/al) —sa/t gy — Sty -
0

t—o0
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It follows that lim; o 6¢(7,8) = 2r + sp1. A similar argument as in the proof of
Theorem 3.1 applied to the convergence of Q; (e‘ét(r’s)/t) then yields:

N(t) N(t)

JHEOE{GXP< a? Z X Z X)} =E{e 700 120,520

or equivalently:
1 o 1

(3.8) Z X7, Z X (2A, 1 A) as t — oo.
t i=1

The CMT finally gives:

N(t)

£\ 2 N() 1 N 2 9
t £ 5 My
(@) Since py < oo and N(t) 2% 00 as t — 00, we get N(t) Zl 1 ) x; 2 [y as

t — oo by Lemma 2.1. Moreover, it follows from (3.8) that (a})~ Zili(lt) X2 2, 9A
as t — oo. Slutsky’s theorem and the CMT then lead to:
N(t) N(t) -2
N(t)>2 ( 1 2) ( 1 ) D 2
Ty = | — Xi ) == X; — — A as t— o0
( ay ) VO \ap ; N(t) ; i
and this ends the proof. O

When X; is of Pareto-type with index o > 2, we have pus < oo so that
N(t) Tn N p2/p? as t — oo by the law of large numbers and Lemma 2.1

since N(t) 2% 0o as t — oco. In the sequel, we then derive second-order weak
convergence results.

THEOREM 3.5. Assume that X7 is of Pareto-type with index « € (2,4) (includ-
ing o = 2 if us < 00) and that {N(t); t > 0} p-averages in time to the random
variable A. Then:

1-2/«
7; (N( ) Tng) — u2> 2, % 71/1/0‘2/2 as t— oo
o (12/9) i pi Al=2/e

where Wy, /5 is an o /2-stable random variable independent of A and where K? € RVy
is the de Bruijn conjugate of £1(x) := £=2/* (Vr) € RVy.

PROOF. Let 1 — F(z) ~ = *¢(z) as x — oo for some ¢ € RV and o € (2,4)
or a = 2 if iy < oo. Since N(t) &% oo as t — oo, we combine Lemma 2.1 and
Theorem 2.5 of Albrecher et al. [1] to obtain:

N(t)l—Q/a Lo D 1
3.9 S (N Ty — B2 —w, t
(39) (7 (N (t)?/) v =z ) = g Werr 28 Lmee

where W,, /5 is a stable random variable with exponent a,/2 and Ef& € RVy is the de
Bruijn conjugate of ¢ (z) := £=2/*(\/z) € RV,.
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Let us prove the independence of W/, and A. We condition on N(t), use the
independence of {N(t); t > 0} and {X;; ¢ > 1} and finally apply (3.9) to get:

o V@) N(t)! =2/
v=fM0 o e WANO T~ ) <y Y
N(H)1-2/a )
= Unwy/i<ay P{@ﬁ(gt\f)(t)wa) (uI N(t) Ty — p2) < y]

D
— 1{A<x}IF’[Wa/2 < y] as t— oo

at any continuity points z of the distribution function of A and y of that of W, 5.
The sequence of random variables {Y;; ¢ > 0} being uniformly integrable, we apply
Theorem 5.4 of Billingsley [3] to obtain:
N(t N(t)1=2/
i 2| YO ¢, VO
N TR
Now, since ¥ € RV, and @ 2, Aast — oo with P[A > 0] = 1, we have
# 2/
% Lilast— o0 by the uniform convergence theorem for slowly varying
"1

functions (e.g., Theorem 1.2.1 of Bingham et al. [4]), the CMT and the subsequence
principle. Recalling (3.9), Slutsky’s theorem and the CMT therefore yield as t — oo:

tl—Q/oz
T (N(t)TN(t) - M;)
1251

(ﬂ% N(t) Ty — p2) < y} =PA < 2] P[W, /2 <yl

(@2
CEN@)2) [t T N e p 1 Wap
= QO (L) T RO (T - ) 2 L e
dwry \NO) B i) A
thanks to the independence of W,/ and A. The proof is complete. (]

THEOREM 3.6. Assume that X1 is of Pareto-type with index o = 4 and puy = oo.
Assume that {N(t); t > 0} p-averages in time to the random variable A. Then:

s (Nt - 22) 2 L RO

as t— oo

F() 2) VR
where N(0,1) is a standard normal random variable independent of A and where
# ; » ; - 1 i -
0T € RVy is the de Bruijn conjugate of f2(x) := TS € RVq with {(z) =
J7 4 gy € RV,

PROOF. Let 1—F(z) ~ 2~%(x) as z — oo for some ¢ € RV, such that py = oco.

The proof is akin to that of Theorem 3.5. Since N(t) “% oo as t — 0o, we combine
Lemma 2.1 and Theorem 2.6 of Albrecher et al. [1] to obtain:

_ VNGO _k2) 2, L o0
(3.10) F/ND) (N(t)TN(t) u%) 2 N(0,1) as t

where N(0, 1) is a standard normal random variable and @é € RV is the de Bruijn

conjugate of f2(x) := 2\/;(7) € RV, with f(z) := Iy é(u—“) du € RV).




LIMIT DISTRIBUTIONS FOR RATIOS AND RISK MEASURES 231

The random variables N(0,1) and A are independent. This is proved as for the

independence of W, and A in the proof of Theorem 3.5. Since ﬁf € RVy and
H# ST

Mi>Aast—>oowithIE”[A>()]:1,Weaulsohawewi>1ast—>oo.

t 07 (V)
Recalling (3.10), Slutsky’s theorem and the CMT thereforz yield as t — oo:

vt 2
g (YOm0 =)

_EWNE) [N p2) o 1 N(0,1)
= o (V1) N({t) ¢ (VN@) <N(t)TN(t)_'u€)—>'u% N

and the proof is finished. O

The following theorem covers the remaining a-cases since the result applies in
particular when X is of Pareto-type with index a =4 if puy < 0o or a > 4.

THEOREM 3.7. Assume that X1 satisfies py < oo and that {N(t); ¢ > 0} D-
averages in time to the random variable A. Then:

N(0,02)
\/E(NtT —'u2>£>’* as t— oo

where N(0,02) is a normal random variable independent of A with mean 0 and
variance o2 defined by:

2 3
(3.11) o2 .= H (’”) +4 (“2> _ Auzps
Top o\ I 13

PRrROOF. Let the distribution function F' of X; be such that uy < co. From
the bivariate Lindeberg-Lévy central limit theorem (e.g., Theorem 1.9.1B of Ser-
fling [9]), one deduces that:

n
(3.12) ﬁ(izgyn_p) L.N(0,%) as n— oo
—

where Y, := (X;, Xiz)/, = (p1, p2)" and N(0, X) is a normal random vector with
mean 0 := (0,0)" and covariance matrix X defined by:

fs — piple pa — 43

Following the notation in Serfling [9], we write (3.12) as £ """ | ¥;, is AN(p, n ™' %),
By virtue of the multivariate delta method, the asymptotic normality carries over
to the random variable g(2 3" | V) = g (L Y0, X, 2 30, X7) for any func-
tion g: (0,00) x (0,00) — R that is continuously differentiable in a neighborhood of

p, so that g(2 37" | V,,) is AN(g(p),n ' JEJ’) with J := (g—fc’(u), g—Z(u)). With

the choice g(x,y) = y/2?%, we find that nT), is AN(%, %f) with o2 given by (3.11).

5. ( p2 — (i us—muz)
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Since N(t) “% oo as t — oo, it consequently follows by Lemma 2.1 that:
N(?) (N(t) Ty — “;) LLN(0,0%) as t— oo
251

where N(0,02) is a normal random variable with mean 0 and variance o2. The
CMT together with the independence of N(0,02) and A (which is proved using the
same arguments as for the independence of W, /, and A in the proof of Theorem 3.5)
finally gives as t — oc:

Mz / p2\ o N(0,02)
\[(N( )TN \/ TN(t /h) - T

This completes the proof. O

4. Applications to Risk Measures

Assume that X is a positive random variable with distribution function F
and let X1,..., Xy be a random sample from F' of random size N(t) from a
nonnegative integer-valued distribution. Thanks to the limiting results derived in
Section 3 and the relations (1.4) and (1.7), we investigate the asymptotic behavior
of two popular risk measures through ‘@eii distributions. Subsection 4.1 deals with
the sample coefficient of variation CoVar(X) defined in (1.3) and Subsection 4.2

concerns the sample dispersion D(X) defined in (1.5). The results are obtained
under the same assumptions on X and on the counting process {N(t); t > 0} as in
Section 3.

4.1. Sample Coefficient of Variation. We detﬂne limits in distribution
for the appropriately normalized random variable CoVar(X) by using the distri-
butional results derived in Section 3 for T ;) and thanks to (1.4). Consequently,
different cases will arise according to the range of o and the (non)finiteness of the
first few moments. We assume that X is of Pareto-type with index a > 0 as de-
fined in (1.2) in Cases 1-6 and that X satisfies pu4 < oo in Case 7. Moreover, the
counting process is supposed to D-average in time to the random variable A except
in Cases 5-6 where it p-averages in time to A.

Case 1: a € (0,1). Since N(t) “% oo as t — oo, it follows from Theorem 3.1,
Slutsky’s theorem and the CMT that as t — oc:

CoVar(X) ro 1 p VU
N(®) NO TN Us

where the distribution of the random vector (Uy /2, Uy)" is determined by (3.1).

Case 2: @ = 1, iy = oo. Define (a;);>o by limy o ta; "4(a;) = 1 and ( $)t>0
by limy_oo ta,"2(a}) = 1 with f(z) = [T é(u du € RVy. Since Z—% ~ 8;2#((;) as
t — oo, where (1/0)# € RV, and (l/f)# € RVO are the de Bruijn conjugates of

1 /E € RVy and 1/¢ € RV respectively, it follows that a;/a; € RV, and then that
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limg o0 1 (a’) = 0. Moreover, # — A ast — oo. Hence, Theorem 3.2 together

with Slutsky s theorem and the CMT gives as t — oo:

a; CO@X) (a%)z 1 (a;)2 t D

- = = Tney—=| =) — — /U

a /Nt a) NO Tt \a ) N@) VT2
where the distribution of the random variable U,y is determined by (2.2) with
v=1/2.

Case 3: « € (1,2) or a =1, ,u1 < 00. Define (a¢)r>o by limy_,o ta; “U(as) = 1.
N(t)

a—2
Since L ~ Zfat) — 0 and L Aast— 00, it follows from Theorem 3.3(a),
Slutsky’s theorem and the CMT that as t — oo:

N(t) , —— N\ t Nt) p 1 L
v X) = T — — —— 25 — AV
o, Covar(X) \/ ( o NO Ty T gy Y Per

where the random variable U, /, is independent of A and has a distribution deter-
mined by (2.2) with v = /2.

Repeating the same arguments as above but using Theorem 3.3(b) instead of
Theorem 3.3(a), we also get as t — oc:

t CoVar(X) (t )2T t t o 1 \Uup
_—— = —_— — 0 — — .
az N(t) ag N® a? N(t) pp Al=1/e

Case 4: a = 2, s = oo. Define (a})i>o by lim; s tafzg(a;) =1 with /(z) :=
Jy = )y € RVy. From pip = o0, it follows that lim, o () = 0o so that t/a}?

0
1/¢(a}) — 0 as t — oo. Moreover, ﬂ L, A ast — oco. Theorem 3. 4(a), Slutsky’s

theorem and the CMT then yield as t — oo:

\/27(%) SOV = \/ (Na(t)fmt) _tN® o, fm,

! ! 12
t t a; t

By using Theorem 3.4(b) and the arguments above, we also get as t — oo:

t CoVar(X) (t)QT t ot b V21
— = = — - T,
d; \/N() a) N GEN@E T m VA
Case 5: a € (2,4) or a = 2, s < oo. Assume that {N(¢); t > 0} p-averages
in time to the random variable A. Let ﬁf € RVy be the de Bruijn conjugate of

ty(z) := £72/%(\/z) € RV,. Note that £% () = o(1) as z — oo if & = 2 and py < 00
since £(x) = o(1) as & — oo. Since N (t) T 2 1o/ p? as t — oo, the CMT gives:

COV&I"\(X) 2, CoVar(X) as t— oc.
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12/«

e 2._ _
Faray Let 0% := VX < oo and consider:

Now, define a sequence (by)¢so by by :=

o) 2
2)_ pabe(N() Ty — 23)
20

by <ComX) — CoVar(X)) = 5—; by (N(t) Ty — % — .
H (CoVar(X) + CoVar(X))

=:Ay

=B,
From Theorem 3.5 and using Slutsky’s theorem and the CMT, we easily deduce
that A, 2, 2#% A%Z/ ~ and B, L. 0ast — oo, leading by virtue of another

application of Slutsky’s theorem to:

t172/a

i (#2/)

p 1 Wy

— —2,[”0 Al2/a as t— 00

(COWX) - CoVar(X))

where W, /5 is an «//2-stable random variable independent of A.

Case 6: o = 4, pg = oo. Assume that {N(¢); t > 0} p-averages in time to
the random variable A. Since N(t) T, 2 pg/p3 as t — oo, we deduce by an
application of the CMT that:

COV&I'\(X) 2, CoVar(X) as t— oc.

Now, let £2(x) := 2\/#7@ € RV with £(z) := Iy @ du € RVy. Define a sequence

(ct)t>0 by ¢ == e#\(/f/%) where @L € RVy is the de Bruijn conjugate of ¢5. Consider
2

the following equality:
ct (COV&I‘\(X) — CoVar(X)) = A — By

where the random variables A; and B; are defined as in Case 5 but with b; replaced

by ¢;. Theorem 3.6, Slutsky’s theorem and the CMT give A, 2, 2#115 N%)

B, 250 as t — oo, leading by another application of Slutsky’s theorem to:

Vit — p 1 N(0,1)
W (CoVar(X) - CoVar(X)) — 0 VA

where N(0, 1) is a standard normal random variable independent of A.
Case 7: py < 00. The proof of Theorem 3.7 can be repeated using the transfor-

mation g(z,y) = \/y/x2 — 1 and this leads to:

(4.1) Vit (CO@X) - CoVar(X)) L, I\T(()\,ij;?) as t— oo

where N(0, 0243 /(40?)) is a normal random variable independent of A with mean

and

as t— o0

*

0 and variance o213 /(40?), with o2 defined in (3.11) and 02 := VX < cc.

Assume that E{A71} < co. When t(ComX) — CoVar(X))2 is uniformly
integrable, the first two moments of the limiting distribution in (4.1) permit to
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determine the limiting behavior of CoVar(Co@X )). Indeed, on the one hand:
lim v/t (E{COVaFX)} - CoVar(X)) = lim IE{\/f (CoVaFX)— CoVar(X))} =0
t—o0 t—o0
which leads to:

(4.2) lim E{COWX)} = CoVar(X).

t—oo

On the other hand, we also get:

2,2 -1
Jim tv{co@){)} = lim V{\/Z (COQX)f CoVar(X))} - %
so that:

ol E{A1} 1
402 t

Consequently, under the above uniform integrability condition, the coefficient of

variation of the sample coefficient of variation asymptotically behaves as:

— 2 /E{AT
CoVar (CoVar(X)) ~ UMTQ{} \%

——

In addition, it results from (4.1) and (4.2) that CoVar(X) is a consistent and
asymptotically unbiased estimator for CoVar(X).

as t— oo.

V{COV;RX)} ~

as t— oo.

4.2. Sample Dispersion. Adapting the results of Section 3 to the random
variable Cy ;) defined in (1.6) permits us to derive limiting distributions for the

appropriately normalized sample dispersion D/()?) from (1.7). Different cases are
considered as for the sample coefficient of variation. We assume that X is of Pareto-
type with index a > 0 as defined in (1.2) in Cases 1-6 and that X satisfies 4 < 00
in Case 7. Moreover, the counting process is supposed to D-average in time to the
random variable A except in Cases 5-6 where it p-averages in time to A.

Case 1: o € (0,1). Define (at)¢>o by limy—,o0 ta; *¢(az) = 1. It follows from the
CMT and (3.3) that as t — oo:

1 D Ua/2 1
il Z/2 A/
Q¢ CN(t) - Ua

where the random vector (U, 2, Us)" is independent of A and has a distribution

determined by (3.1). Since N(t) *% oo and a; * Zﬁvz(lt) X; 2 Uy AV as t — oo,
Slutsky’s theorem and the CMT then yield as t — oo:

N()
1 —— 1 1 1 D Ua/g 1
—D(X)=—Cniy — ——— 3 X; 2 222 pVa
a ( ) a N(t) N(t) a lz:; i Ua
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Case 2: a = 1, pu; = oo. Deﬁne (at)t>0 by limt_,ootat_ l(at) = 1 and (a})e>0
by lim;_ oo ta;” 1é(at) =1 with {(z) := [ Z(s) du € RV,. It follows from (3.5) and
the CMT that as t — oo:

ay D
p Cn@ — Uy A

where the random variable Uy /5 is independent of A and has a distribution deter-
mined by (2.2) with v =1/2.
o (W' 7\ # #

o ™ Fm S oo where (1/¢)7% € RV, and (1/¢)# € RV, are
the de Bruijn conjugates of 1/€~ € RV and 1/¢ € RV respectively, it follows
that a}/a; € RVy and then that lim; ..t~ !(a}/a;)?> = 0. Moreover, using the
same independence and conditioning arguments as in the proof of Theorem 3.5, we
obtain that at any continuity points x and y of the distribution function of A:

Since

lim P{N Nz(t: X; < } P[A < 2] P[A <]

t—o0

i.e., since ﬂ L2, A and (a})~1 EAL(lt) X; 25 A as t — oo, that:
Nt L YO
< Z X) (A,A*) as t— o0
L q i=1
where A* is an independent copy of A. Using the CMT, we then deduce:
t YIVXi p A

— &=l 20 D t .
NG o — ey 8 t—oo
Hence, Slutsky’s theorem gives as t — oo:
2 N(t)
ay —=>= a 1 (a; t S Xi o
—DX)==C - =) === Uy A.
a? (X) a2 N0 Ty \a, ) N d s

Case 3: a € (1,2) or « =1, p11 < 00. Define (at)t>o by lim; o ta; “4(ar) = 1.
Since X 2> p1 as t — oo, we get from Theorem 3.3(a) and Slutsky’s theorem that:

Nt — (N(@®)\? p 1 N
a(g) Cnipy =X (a( )) Ty — — Uqy2 A% as t— 00
t t M1

where the random variable U,/ is independent of A and has a distribution deter-

mined by (2.2) with v = o/2. Since % ~ " 0 and N(t)

ot —>Aast—>oo

Slutsky’s theorem gives as t — oo:
N(t) —= N() t N(t)
—=D(X)=—~C -
a? (X) a? N () a? t

D

— 1
X — —Uyyo A%,
H1

By using (3.7) and the arguments above, we also get as ¢t — oo:
t — o 1 Uy

t — t
—D(X)=—=Cnwp — =X — .
a? (X) a? N®) a? 7 pp A1=2/e
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Case 4: a = 2, g = o0. Deﬁne (a})¢>0 by limy_o0 ta) 20(a}) = 1 with £(x) :=
T f(u)

0 du € RVy. Since X %5 puq as t — oo, it follows from Theorem 3.4(a) and
Slutsky s theorem that as ¢t — oo:

N(t) — (N®)\? p 2
7z Cvoy =X ( o) T = A
From ps = 0o, we get limg o g(w) = oo so that ﬁ ~ ﬁ — 0 as t — oco. Since
t ay
@ LiANast— 00, Slutsky’s theorem then yields as t — oo
N#t) ——= N( t N(t) — 2
,(Q)D(X) ()CN(@ Ni)gx o, 2
ay ay ap t

H1
By using (3.8) and the arguments above, we also get as ¢t — o0

t D 2
CEV@) }( —_— —.
t

H1
Case 5: a € (2,4) or a = 2, puz < oo. Assume that {N(¢); ¢t > 0} p-averages in
time to the random variable A. Define a sequence (b;)¢~o by b:

t ——
GTQD(X):

1-2/a
= W where
€ RV is the de Bruijn conjugate of ¢1(z) := £~2/*(\/z) € RV,. Note that if

o =2 and py < 0o, we have (¥ (z) = o(1) as z — co. Consider the decomposition

bt(ﬁ(Y)—D(X)>_I;(N1(wJ§>Xg_ ) b \/( 1 NZ“:)X >< Mzi).

Hly

=:A¢

By using (3.9), it is readily proved that:

_ N(1)
N(t)t-=2/ ( 1 ) ) D

X;—p2) — Wy as t— o0
V) VT 2

=:By¢

N GWN®)
+ — A and )
therefore give as t — oo:

where W, /5 is an «/2-stable random variable independent of A. Since X — u,

1 as t — oo, Slutsky’s theorem and the CMT

A Lt N ) N %”Xz 1 Wap
X AN® 2oy (F(N(t)2/) Ml Al—2/a"

Using that N(t) — oo as t — oo, we combine the central limit theorem and
Lemma 2.1 to obtain:

N ()
( ZX >£>N(0,02) as t— oo

where the random variable N(0, 02) is normally distributed with mean 0 and vari-
ance 02 := VX < co. The CMT together with the independence of N(0,0?) and A
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(which is easily proved using the same kind of arguments as for the independence
of W, /o and A in the proof of Theorem 3.5) then yields as ¢ — oo:

— VN(t) ) 2 NO
=) =\ VO (g 2 )

VA

Since lim;_, o bt/\/i =0and X 2 11 as t — oo, Slutsky’s theorem and the CMT
then imply that B, = 0 as t — co. By virtue of another application of Slutsky’s
theorem, we finally obtain:
t172/a
(@2

The latter relation shows in particular that:

N(t) N<t)

(43) WVt ( Nl(

as t — oo.

(D/(Y) B D(X)) 2. AVI/az//Qa

D/()?)LD(X) as t— oo.
Case 6: a = 4, gy = oco. Assume that {N(t); t > 0} p-averages in time to the
5#‘(([) where E# € RVy is

€ RVy with £(z) := [} * qu € RV,

random variable A. Define a sequence (ct)t>0 by ¢; =

the de Bruijn conjugate of ¢5(z) := Z(f
Consider the following equality:

Ct (D/(-)?) - D(X)) = A —
where the random variables A; and B; are defined as in Case 5 but with b; replaced

by ¢;. By using (3.10), we get:

N(t) ;N .
& N<t>>(N<t>ZX3 ) TN as b

i=1
for a standard normal random variable N(0, 1) independent of A. Since X — juy,

#(/N@D)
T 2, Aand 2 L](#(\I;()t — 1 as t — oo, Slutsky’s theorem and the CMT then

give as t — oo:

N(t)

_ 1 [t BN VN ) > 1 N@O1)
O o v v ol B I R

Since lim, o0 £(z) = 00, we have lim, o fo(2z) = 0 so that lim,_ £ (z) = cc.

Since X -2 p1 as t — oo and by using (4.3), we therefore have by virtue of
Slutsky’s theorem and the CMT that:

N(t)
1 po 1 > P
B, = X; — 1+—=|] —0 as t—o0.
IO < Z ) ( X
Another application of Slutsky s theorem finally gives:

Vi —— » 1 N(0,1)
W(D(X)—D(X)) iy

as t — oo.
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It follows in particular from the latter relation that:
D/()?)LD(X) as t— oo.
Case 7: g < 0o. Using g(z,y) = £ — z in the proof of Theorem 3.7 yields:

— N(O o2 )
44 VE(D(X) = D(X)) 2 =2 st o
(4.4 (X) - D(x) I
where N(O,of*) is a normal random variable independent of A with mean 0 and
variance o2, defined by:

3 2
ol :=uz—u?+’€—2’%—2”2’;3+2<“2> + A
Ky M1 1231 H1 125}

Assume that E{A7!} < co. When t(D/()?) - D(X))2 is uniformly integrable, the
first two moments of the limiting distribution in (4.4) permit to determine the

limiting behavior of D(ﬁ)?)) Indeed, on the one hand:
s (BT} D0) = oy {0} =0

leading to:
(4.5) lim E{D/()?)} = D(X).

—

Note that (4.4) together with (4.5) implies that D(X) is a consistent and asymp-
totically unbiased estimator for D(X). On the other hand, we also get:

s {50} = i (5T D03} = (1)
so that:
V{D/()?)} ~ o2, ]E{A_l} % as t— oo.

Consequently, under the above uniform integrability condition, the dispersion of
the sample dispersion asymptotically behaves as:

o2, mE{A71} 1

5 as t— o0
o t

D(D/()?)) ~
where 02 := VX < oo.
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