
ACTUARIAL PRICING FOR A GUARANTEED MINIMUM DEATH BENEFIT IN
UNIT-LINKED LIFE INSURANCE:

A MULTI-PERIOD CAPITAL ALLOCA TION PROBLEM

S.Desmedty, X. Chenuty and J.F. Walhinyx

ySecura, AvenuedesNerviens9-31,B-1040Brussels,Belgium
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Abstract

Weanalyzeanactuarialapproachfor thepricingandreservingof aguaranteedminimumdeath
bene�t (GMDB) in unit-linkedlife insurance.We explain two possiblestrategiesto dealwith
suchtypeof multi-periodcapitalallocationproblems.The�rst oneusesnofutureinformation
whereasthesecondonedoes.We explain how a cash-�ow modelcanbeusedto performthe
actuarialpricingandsummarizeasimulationstrategy whichcanbeusedto deriveapproximate
distribution functionsfor thefuturereserves,capitalsandtotal solvency levelsin theapproach
wherefutureinformationis used.Wetestthesimulationstrategy andobtainusefulinformation
abouttherisk of aGMDB within theactuarialreservingstrategy.

1. INTRODUCTION

Whenpricing andreservingfor guaranteesin unit-linkedlife insurance,onetraditionallymakesa
distinctionbetweentheso-called�nancial (seee.g. BrennanandSchwartz (1976))andactuarial
approach.Undertheactuarialapproach,onedoesnot applya �nancial hedgingstrategy. Instead,
capitalis allocatedto ensurefor thenecessarysecurity. In the�nancial approach,pricing is done
in theBlack-Scholes-Mertonframework. As mentionedin Hardy(2003),threetypesof potential
costsarenot incorporatedin therisk-neutralprice: transactioncosts,hedgingerrorsarisingfrom
discretehedgingintervalsandadditionalhedgingcostsarisingfrom thefactthatlog-returnsarenot
normallydistributedwith �x ed� and� . Baseduponacash-�ow model,in theactuarialapproach,
thepriceis equalto thediscountedaveragecostsin therealworld plusa loadingfor thecapital.

Sincea GMDB is typically createsliabilities for multiple years,it is possibleto review reserves
andcapitalswhennew informationabouttheunderlyingassetandthemortalitybecomesavailable.
We refer to IAA (2004),whereit is advisedto take future informationinto accounton a regular
basisof e.g.oneyearwhenassessingthesolvency of long-termrisks.

We describetwo reservingand capital allocationstrategies. The �rst takes no future informa-
tion into account.Hence,at time 0, thereservesandthecapitalswhich will bekept in the future

1



2 S.Desmedt,X. ChenutandJ.F. Walhin

are�x ed. This strategy hassomecomputationaladvantagesbut doesnot seemvery rational. By
taking the initial capitalsuf�ciently large, a lot of securitycanbe foreseen,but from the results
for thesecondstrategy, we will seeit is very likely we will maintainanamountof capitalwhich
is too largein thefuturewhenapplyingthe�rst strategy. Hence,in thecash-�ow model,onewill
endup with a premiumwhich is unnecessarilyhigh. Thesecondstrategy takesfutureinformation
into accounton a yearly basis. Sucha strategy seemsmorerationalbut is quite cumbersometo
calculate.Webrie�y explainandverify anapproximatesimulationmethodto makethecalculation
of this strategy possible.Our approachallows us to estimatedistribution functionsfor the future
reservesandtotal solvency levels.Thisprovidesa lot of informationabouttherisk which is borne
by the(re)insurerreservingin anactuarialway.

Insteadof workingwith a log-normalmodelfor theunderlyingasset,asin Frantzetal. (2003),we
usea morerealisticregime-switchinglog-normalmodelwith two regimesasdescribedin Hardy
(2001).

The remainderof this paperis organizedas follows. In section2, we show how onecan deal
with mono-periodcapitalallocationproblemsusingrisk measures.We thensuggesttwo multi-
periodcapitalallocationstrategiesin section3. Section4 explainshow actuarialpricing canbe
performedusinga cash-�ow model. In section5, we discusshow we modelledthe unit-linked
contractwith GMDB andwe brie�y explain a simulationstrategy for usingfuture information.
Finally, we comparethe two multi-periodstrategiesfor the GMDB in section6, wherewe also
analyzetheapproximateddistribution functionsof thetotal solvency levelsandthereservesin the
approachusingfutureinformation.Weconcludein section7.

2. MONO-PERIOD CAPITAL ALLOCA TION

Assumewe areexposedto a randomlossX . For themomentwe assumeX is an insuranceloss
to which one is exposedfor only oneperiodandwe do not take into accountdiscounting. We
de�ne the purepremiumPP asthe averageE[X ] of X andassumethis purepremiumis held
asa reserve. For risky business,the purepremiumitself will of coursenot guaranteethat at the
endof the period,thereis enoughsecurityto withstandthe losseswhich may occur. Therefore,
companiesexposedto risksneedto holdcapitalasasafetymargin againstpossiblebadoutcomes.
We denotethecapitalasK . We de�ne thetotal solvency level TSL asthesumof thereserve and
thecapital. This TSL shouldbesuf�ciently largesuchthat future lossescanbepaidwith a high
probability.

Both in theoryand in practice,risk measuresaregaining moreandmore interestfor assessing
total solvency levels.We �rst de�ne somewell-known risk measures:

De�nition 2.1(Value-at-Risk) For anyp 2 (0; 1), theVaRat levelp is de�nedanddenotedby

Qp[X ] = inf f x 2 RjFX (x) � pg; (1)

whereFX (x) denotesthedistribution functionof X .

The VaR at level p of a risk X canbe interpretedas the valueat which thereis only 1 � p %
probabilitythattherisk will haveanoutcomelargerthanthatvalue.
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De�nition 2.2(Tail Value-at-Risk) For anyp 2 (0; 1), theTVaRat levelp is de�nedanddenoted
by

TVaRp[X ] =
1

1 � p

Z 1

p
Qq[X ]dq: (2)

De�nition 2.3(Conditional Tail Expectation) For anyp 2 (0; 1), theCTEat level p is de�ned
anddenotedby

CTEp[X ] = E[X jX > Qp[X ]]: (3)

The CTE at level p of a lossX canbe interpretedasthe averageof all possibleoutcomesof X
which areabove Qp[X ]. It is well-known thattheTVaRandtheCTE arethesamefor all p-levels
if thedistribution functionof X is continuous.

Someinterestingreferencesonrisk measuresandtheirpropertiesandusesareDhaeneetal. (2003),
Dhaeneetal. (2004a),Dhaeneetal. (2004b)andGoovaertsetal. (2004).

3. MULTI-PERIOD CAPITAL ALLOCA TION

We �rst introducesomenotation.We denote0 asthetime at which theinsuranceis writtenandT
asthetimeatwhich thelastliabilities arepossible.Supposeweareexposedto a risk

X = (X 1; : : : ; X T ); (4)

whereX i is theoutcomefor therisk at theendof yeart, for t 2 f 1; : : : ; Tg. Denotetherisk-free
returnfor yeart asYt . Wede�ne

Z = (Z0 = X 1e� Y1 ; : : : ; ZT � 1 = X T e�
P T

t =1 Yt ): (5)

Z is thevectorof all futureyearlylosses,discountedto thestartof the�rst year. Furthermore,we
introduce

D = (D0 =
T � 1X

t=0

Z t ; D1 =
T � 1X

t=1

Z teY1 ; : : : ; DT � 1 = ZT � 1e
P T � 1

t =1 Yt ); (6)

thevectorof thediscountedfuturecostsat thestartof thedifferentyearst 2 f 1; : : : ; Tg.

As time passes,importantinformationmay becomeavailable. In the context of a GMDB, this
informationconsistsof thevalueof theunderlyingasset,thenumberof survivorsandthereturnon
theinvestments.Supposetheinformationis describedby a �ltration F = (F t )t2 [0;T ]. Weassumea
timeperiodof oneyearafterwhich reservesandcapitalsmaychange.

For the easeof later computations(seesection4), we assumeall paymentsaremadeat the end
of theyearin which thecostsoccur.

3.1. ApproachNot UsingFutur e Inf ormation

At time0, wehold thepurepremium

PP = E[D0jF 0] = R0; (7)
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asa reserve. In addition,wecoulddecideto holdacapital

K 0 = � [D0 � R0jF 0]; (8)

where� is a risk measure.Whennotusingfutureinformation,wede�ne thefuturereservesas:

Rt = E[D t jF 0]; t 2 f 1; : : : ; T � 1g; (9)

so the reserve at the startof yeart is equalto the averagediscountedfuture costsat time t � 1,
given the informationat time 0. Usingthesamerisk measureasat time 0, andnot incorporating
futureinformation,wecande�ne

K t = � [D t � Rt jF 0]; t 2 f 1; : : : ; T � 1g: (10)

Thetotal solvency level at t is thende�ned anddenotedas

TSL t = Rt + K t ; t 2 f 1; : : : ; T � 1g: (11)

It is very unlikely this approachwill in reality be appliedfor reservingand capital allocation
purposes.An insurerhaving futureinformationavailablewill normallytake this into account.The
useof thisstrategy shouldbeseenasapossiblefastcomputationalapproximationin thecash-�ow
modelof thestrategy describedin section3.2(seesection4 for moredetails).

3.2. ApproachUsingFutur e Inf ormation

At time0, weapplythesamestrategy asin section3.1.At time t 2 f 1; : : : ; T � 1g, wede�ne the
reserveas

Rt = E[D t jF t ]; (12)

whereF t denotestheinformationavailableat thestartof yeart. For thecapital,we take

K t = � [D t � Rt jF t ]; t 2 f 1; : : : ; T � 1g: (13)

As seenfrom time 0, Rt andK t arerandomvariables,sinceF t is still unknown. At t however,
Rt andK t canbedeterminedusingthesamemethodsasthosewhich areusedto determinepure
premiumandthecapitalat time0. Thetotal solvency level at t is againde�ned anddenotedas

TSL t = Rt + K t ; t 2 f 1; : : : ; T � 1g: (14)

The advantageof this approachis that the reserve and the capitalare regularly adaptedto new
information.Thisalsomeansthatwhenthenew informationis bad,morereservesandcapitalthan
actuallybeingavailablemayneedto beallocated.In otherwords,if thesafetymargin is not high
enoughgiventhenew information,it is enlargedwith new capital.Of course,this is subjectto the
assumptionthatoneis ableto allocatenew capitalif necessary. Threequestionsareverypertinent
in thiscontext:

1. Is it probablethat,at a givenmomentin thefuture,new capitalwill needto beallocatedin
orderto obtaina total solvency level which is suf�ciently high?

2. Giventhatnew capitalneedsto beallocated,how largecanthisamountbe?

3. Canacompany if necessaryallocateadditionalcapitalto a risk?
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In general,whennew capitalneedsto beallocated,wemayfaceproblemsof ruin. Onecanindeed
questionif onewill �nd shareholderswilling to investin a productwhich is performingbadand
leadingto losseson the capitalwith a substantialprobability. Therefore,a situationwhereit is
probablethathigh amountsof capitalneedto bereinjectedin thebusinessis not preferable.For
ananswerto the�rst two questionsin thecontext of aGMDB, wereferto section6.2.

The answerto the third questiondependsupona numberof factors. If a company would only
beexposedto risksof thesamenaturewhich arevery correlated,thenit maybevery dif�cult to
�nd additionalcapitalif it is required.For a company with a morediversi�ed portfolio of risks,
thismayhoweverbepossible.

4. ACTUARIAL PRICING USING A CASH-FLOW MODEL

In a cash-�ow model,onemodelsthe averagein-andout�ows, taking the point of view of the
shareholders.Assumetherisk-freerater is constantandequalto therateof returnon thebonds.
Assumethetax rateis equalto 
 andthereturnon thestocks,aftertaxation,is equalto � .

We thenhave thefollowing averageout�ows:

1. Net meanclaim payments:cs(1 � 
 ), wheres 2 f 1=12; 2=12; : : : ; Tg. Hence,costscan
ariseat theendof everymonth.For theeaseof latercomputations,weassumeclaimswhich
occurin a certainyearareonly paidat theendof thatyear. Hence,at theendof yeart, the
(re)insurerhasto payct (1 � 
 ), where

ct =
12X

s=1

e
(12 � s) r

12 ct � 1+ s=12; t 2 f 1; : : : ; Tg: (15)

2. Netmeanchangein thetechnicalprovisions:� pt (1 � 
 ), wheret 2 f 0; : : : ; Tg

3. Meanchangein theallocatedcapital:� kt , wheret 2 f 0; : : : ; Tg

Wehave thefollowing in�o ws:

1. Netmeanreturnon theprovisions:Rt (p)(1 � 
 ), where

Rt (p) = pt � 1(er � 1); t 2 f 1; : : : ; Tg: (16)

2. Netmeanreturnon thecapital:Rt (k), where

Rt (k) = kt � 1(e� � 1) andt 2 f 1; : : : ; Tg: (17)

3. Net premiumincome: TF P(1 � 
 ), whereTF P denotesthe technico-�nancialpremium
whichhasto bedetermined.

It is at thispoint thatwecanunderstandthepossibleusefulnessof thestrategy describedin section
3.1. To calculatethe averagein-andout�ows, we needto determinethe averagereservespt and
theaveragecapitalskt for all t 2 f 0; : : : ; Tg. For thereserves,dueto theiterativity propertyof the
expectation,wehave

pt = E[Rt ] = E[E[D t jF t ]] = E[D t jF 0]; for all t 2 f 0; : : : ; Tg: (18)
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Hence,with respectto the reserves, thereis no differencein the cash-�ow model betweenthe
approachdescribedin section3.1 andsection3.2. Assumethe capitalsarecalculatedusingthe
conditionaltail expectation.For all t 2 f 1; : : : ; Tg, we thenhave

kt = E[K t ] = E[CTEp[D t � Rt jF t ]] 6= CTEp[D t � Rt jF 0]: (19)

WecoulduseCTEp[D t jF 0] asanapproximationof kt but wecertainlyneedto verify whetherthis
approximationis good.

Oncethe averagefuture cash-�ows are known, we discountall of them with the cost of capi-
tal, whichwe assumeto beknown andconstant.Thetechnico-�nancialpremiumis de�ned asthe
valuewhichmakesthesumof thediscountedin�o wsequalto thesumof thediscountedout�ows.
Hence,thetechnico-�nancialpremiumis thevaluewhichsolvesequation(20)

TX

t=0

e� tC OC

"

� pt � Rt (p) +
12X

s=1

e
(12 � s) r

12 ct � 1+ s=12

#

(1 � 
 )

=
TX

t=0

e� tC OC [Rt (k) � � kt ] + TF P(1 � 
 ); (20)

with theconventionthatR0(p) = R0(k) = 0 andcs = 0 for all s � 0. Now supposetheaverage
reservesareequalto thefuturemeanclaimpayments,discountedat therisk freerate,i.e.

pt =
12(T � t )X

s=1

e� r s=12ct+ s=12: (21)

Using(21) it canbeveri�ed thattheterm� pt � Rt (p) +
P 12

s=1 e
(12 � s) r

12 ct � 1+ s=12 in (20) is equalto

P0 if t = 0; (22)

0 if t 2 f 1; : : : ; Tg: (23)

Theassumptionthat costsareonly paidat theendof theyearwastaken in orderto obtain(23).
Using(22)and(23),wecanwrite thetechnico-�nancialpremiumas

TF P = P0 +
P T

t=0 e� tC OC [� kt � Rt (k)]
1 � 


: (24)

Thismeansthetechnico-�nancialpremiumconsistsof two parts:

1. ThereserveP0 takenat time0.

2. A loadingfor theaverageamountsof capitalkt which areallocatedat thestartof eachyear
t 2 f 1; : : : ; Tg.

5. SIMULA TION STRATEGY

5.1. Modelling a GMDB

We supposethereis a groupof N I = 1000insuredagedx = 50 which all investC = 1 into a
risky asset(St )t � 0. The(re)insurerprovidesa guaranteeof K = 1 in casetheinsureddiesbefore
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retirement.Hence,in casean insureddiesat time t, the (re)insurerwill pay (K � St )+ for the
guarantee.Notethat(K � St )+ is equalto thepayoff functionof aEuropeanputoptionwith strike
priceK andmaturitydatet on theunderlyingasset(Si ) i 2 [0;t ]. We supposethereis no surrender
andthereis anageof retirementxR = 65 afterwhich no paymentsaremade.At retirement,no
guaranteeis given.

We usethe regime-switchinglog-normal(RSLN) modelwith 2 regimesas describedin Hardy
(2001).This modelprovidesuswith monthly log-returnsfor theunderlyingasset.We denotethe
regime applyingto the interval [s;s + 1) as� s. Hence� s 2 f 1; 2g. In a certainregime � s we
assumethereturnYs satis�es:

Ys = log(
Ss+1

Ss
j� s) � N (� � s ; � � s ): (25)

Furthermore,thetransitionsbetweentheregimesareassumedto follow aMarkov Processcharac-
terizedby thematrixP of transitionprobabilities

pij = Pr [� s+1 = j j� s = i ]; for i; j 2 f 1; 2g: (26)

As parameters,weusetheparametersestimatedusingthemaximumlog-likelihoodtechniquesex-
plainedin Hardy(2001).WeusetheS&P500data(total returns)from January1960to December
2003.Theestimatedparametersaresummarizedin table3.

To modelmortalities,weuseaGompertz-Makehamapproach.Thesurvival probabilityof aperson
agedx is thendescribedas

tpx = exp
�

� � t �
� e
 x (e
 t � 1)




�
; (27)

for some� > 0, � > 0 and
 . We usethe �rst setof Gompertz-Makehamparametersin table3
up to age65 andthe secondsetfor ageshigherthan65. As for the underlyingasset,we model
mortalitiesonamonthlybasis,generatingfrom abinomialdistributions.

5.2. UsingFutur e Inf ormation

Firstwedescribeanaivesimulationstrategy whichcouldbeusedto incorporatefutureinformation
(see�gure 1). At time0 wemakeNS simulationsgoingfrom 0 to T andweusetheseto determine
thedistribution functionof D0. At time 1, we thenobtainNS valuesfor theunderlyingassetand
NS valuesfor thenumberof peoplewhoarestill alive. This leadsto N = N 2

S combinations.From
eachof thesecombinations,we shouldthenmake new simulationsfrom 1 to T to determineN
distributionfunctionsfrom whichreservesandcapitalscanbecalculated.p1 andk1 aredetermined
astheaveragesof theseN reservesandcapitalsrespectively. For t 2 f 2; : : : ; Tg, pt andkt could
bedeterminedusingasimilar strategy.
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Figure1: Treesimulationsto obtainpt andkt .

It caneasilybe understoodthat this approachwill requirea hugeamountof computationtime.
Therefore,we turn to anapproximationstrategy. This strategy is describedin detail in Desmedt
et al. (2004).We hereonly describeintuitively thesimpli�cations which aremadeto thestrategy
describedabove.

� Insteadof usingall futurevaluesfor theunderlyingassetandfor themortalityto estimatethe
requiredreserveandcapital,we limit ourselvesto aonly NA valuesfor theunderlyingasset
andNO classesfor themortality. Sincethein�uence of thepositionof theunderlyingasset
on theestimatedcostsis a lot moreimportantthanthatof themortality, we takeNO < NA .

� Both for theunderlyingassetandfor themortality, weavoid resimulatingat futurepointsin
time.

5.3. Veri�cation

5.3.1. PUT OPTION

In Hardy(2001),theoreticalformulasfor theVaRandCTE of a Europeanput optionwith payoff
functionX = (G � Sn )+ on a risky asset(Ss)s2 [0;n] arederivedunderthelog-normalmodel.As
pointedout by Hardy, whenp < Pr[Sn > G], thede�nition of theCTE givenby (2.3) doesnot
givesuitableresults.Therefore,sherede�nestheCTEas

CTEp[X ] =
(1 � � 0)E[X jX > Qp[X ]] + (� 0 � p)Qp[X ]

1 � p
; (28)

where� 0 = maxf � jQp[X ] = Q� [X ]g. In what follows, we will usede�nition (28) for theCTE.
WhencalculatingtheCTEfromsimulations,wetakeCTEp[X ] equalto theaverageof the(1� p)%
worstoutcomes.If Sn � LN (n�;

p
n� ), thenfor p � Pr[Sn > G]

CTEp[X ] = G � S0
en� + n� 2=2

1 � p
�( � � � 1(p) �

p
n� ): (29)
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On theotherhand,if p < Pr [Sn > G], onecanverify theCTE is givenby

CTEp[X ] =
1 � Pr [Sn > G]

1 � p
CTEP r [Sn >G ][X ]: (30)

To testthesimulationstrategy for theunderlyingasset,wewish to calculate

E[CTEp[(G � Sn )+ jSy]]; wherey 2 f 1; : : : ; Tg; (31)

theexpectationof theCTE of theEuropeanput option,giventhevalueof theunderlyingassetat
y 2 f 1; : : : ; Tg, boththeoreticallyandusingthesimulationstrategy.

Firstwecalculatethetheoreticalvalueof (31),asif p � Pr[Sn > GjSy] werevalid for all possible
valuesSy asa(sometimesrough)approximationof E[CTEp[(G � Sn )+ jSy]]. Hencewecanwrite

E[CTEp[(G � Sn )+ jSy]] �
Z 1

0

 

G � x
e(� + � 2=2)(n� y)

1 � p
�( � � � 1(p) �

p
n � y)

!

f Sy (x)dx(32)

= G �
e(� + � 2=2)(n� y)

1 � p
�( � � � 1(p) �

p
n � y)

Z 1

0
xf Sy (x)dx (33)

= G �
e(� + � 2=2)n

1 � p
�( � � � 1(p) �

p
n � y): (34)

Theapproximationmadein (32)will improve for highvaluesof p but evenfor very highp-values
it will still needto becorrectedto geta goodapproximation,if we go into thefuture. In Desmedt
etal. (2004),it is describedin detailhow thiscorrectioncanbemade.

In table 1, we summarizethe resultsof this test for the CTE at level p = 0:99 for a maturity
guaranteeof G = 1 = S0 after10 years.Giventheinformationwe have at 0, we wish to compare
the averagesimulated(AS) andtheoretical(AT ) CTE at level 0.99 of the maturity guaranteeat
thestartof every year, taking into accountthe informationabouttheunderlyingassetwe have at
thatmoment.We made15000simulationsfor theunderlyingassetfor 10 yearswherethereturns
arelog-normallydistributedwith parameters� = 0:085and� = 0:20. In column1, we specify
theyearat thestartof which theaverageCTE's at level 0:99arecompared.In thefourth column,
we calculatethe differencebetweenAS andAT , relative to AT . In column5, we calculatethe
differencebetweenAS andAT , relative to thelevel of theguarantee.

Year AT AS
jA S � A T j

A T
jAS � AT j

1 0.557 0.568 2.0% 1,1%
2 0.508 0.512 0.8% 0,4%
3 0.453 0.450 0.7% 0,3%
4 0.397 0.399 0.5% 0,2%
5 0.339 0.345 1.8% 0,6%
6 0.286 0.297 3.8% 1,1%
7 0.234 0.246 5.1% 1,2%
8 0.183 0.183 0.0% 0,0%
9 0.132 0.138 4.5% 0,6%
10 0.082 0.088 7.3% 0,6%

Table1: TestaverageCTEat level 0.99of aputoption.

Weseethatfor all comparedyears,thetheoreticalandaverageCTEarefairly close.
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5.3.2. ITERATIVITY PROPERTY OF THE EXPECTATION

In �gure 2, we comparetheaveragereservesfor theparametersasspeci�ed in table3. For all t 2
f 0; Tg, thedashedline representstheapproximationof E[E[D t jSt ; N t ]]. Thefull line represents
E[D t jS0; N0].We seethat thetwo lines�t very well ontoeachother. This meansthatunderthese
conditions,ourapproximationstrategy passesthetestof theiterativity propertyof theexpectation.
By takingNA smallerunderthesameconditions,wewouldseetheiterativity propertyis lesswell
satis�ed. Theinvestigationof someotherconditionslearnedthatwhencostsaremorelikely (e.g.
whenK > S0), lessvaluescanbetakenfor theunderlyingassetto satisfytheiterativity property
in thesameway. On theotherhand,whencostsarelesslikely (e.g. whenK < S0), NA needsto
belargerto obtainresultsof thesamequalityasof thosein �gure 2.

6. RESULTS

6.1. AverageCapitals and Technico-FinancialPremium

In �gure 3, weseethatthecapitalsstartat thesamevaluein thetwo multi-periodstrategies.At the
startof thesecondyear, thestrategy usingfutureinformationrequireson averagelesscapitalthan
theonenotusingfutureinformation.Thedifferencesincreaseif wemove furtherinto thefuture.
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Figure2: Comparisonof theaveragereserves.
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Figure3: Comparisonof theaveragecapitals.

As we seein table2, the differencesbetweenthe averagecapitalsin the two strategieshave an
importantin�uence on thetechnico-�nancialpremium.

Approachsection3.1 Approachsection3.2
PP 0.79 0.79
K 0 21.97 21.97

TF P 14.05 6.50

Table2: Comparisontechnico-�nancialpremium.

The technico-�nancialpremiumin theapproachnot usingfuture informationis morethantwice
aslargeasin theapproachin which futureinformationis takeninto account.
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6.2. Distrib ution Functionsof Futur eTotal SolvencyLevels

In �gure 4, we show the approximateddistribution functionsof the future total solvency levels,
whenthey areadaptedto the informationat thestartof yeart 2 f 1; : : : ; Tg, which areobtained
usingthesimulationstrategy. Theverticalline is thetotalsolvency level at time0. To characterize
theotherlines,we canusethefollowing rule: thehigherthe line is at the left, thefurther in time
thesituationwhich is represented.
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Figure4: Approximatedistribution functionsfor thetotal solvency levelsat thestartof eachyear
whenusingfutureinformation.

Weseethatin about30%of thecases,thetotalsolvency level at thestartof thesecondyearshould
belargerthantheinitial totalsolvency level. Thelargestestimationsfor therequiredtotalsolvency
level at thestartof thesecondyearareabouttwice aslargeasthe initial total solvency level. On
theotherhand,thelowestestimationsareaboutonethird of theinitial totalsolvency level. Hence,
alreadyafteroneyear, thedifferencesin mainly theunderlyingassetcanbe suchthatwe obtain
a very wide rangein possiblerequiredtotal solvency levels. At the start of the third year, the
largestestimationsbecomeeven largerbut theprobability that the total solvency level shouldbe
largerthantheinitial totalsolvency level decreasesto about25%.Thenfor a few years,thelargest
estimationsremainat a comparablelevel. We alsoseethattheprobabilitiesthatthetotal solvency
levelsshouldbe larger thanthe initial total solvency level continuedecreasing.At abouthalf the
lifetime of the risk, the largestestimationsstart to decreasetoo. From the startof year � ve on,
thereareestimationsfor therequiredtotal solvency level of 0.

7. CONCLUSION

In this paper, we suggesteda multi-periodcapitalallocationstrategy which incorporatesfuture
information. We explainedhow this strategy can be usedwithin a cash-�ow model to price a
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multi-periodrisk. An interestingexampleof sucha risk is a GMDB in unit-linkedlife insurance,
especiallywhenpricing andreservingis donein anactuarialway. After explainingandverifying
a simulationstrategy for theapproachusingfuture information,we compareit with anapproach
not usingfuture information. For the averagereserves,we seeboth strategies leadto the same
results,due to the iterativity propertyof the expectation. For the averagecapitalshowever, we
observe importantdifferencesbetweenthetwo methods.As aconsequence,thetechnico-�nancial
premiumfor themethodnotusingfutureinformationis morethantwiceaslargeasin theapproach
usingfutureinformation.Oursimulationstrategy alsoprovidesapproximationsfor thedistribution
functionsfor the future reservesandcapitals.Fromthese,interestinginformationaboutpossible
variationsof reservesandcapitalscanbewithdrawn.

8. USEDPARAMETERS AND NOTATIONS: SUMMARY

Simulations
Numberof simulations NS 15000

Numberof valuesfor underlyingasset NA 500
Numberof classesfor mortality NO 5

ContractualParameters
Portfoliocomposition f N I ; x; Cg f 1000; 50; 1g

Initial valueunderlyingasset S0 1
Guaranteeatdeath K 1
Ageof retirement xR 65

Mortality Parameters

Gompertz-
Makeham
parameters

� 0.000591068646661458
� 0� 65 0.00000737593571037331

 0� 65 0.11807173977857
� 65� 99 0.000619125291109306

 65� 99 0.0532009916754107

ParametersCashFlow model
Risk freerate r 0.0425

Tax rate 
 0.4
Averagereturnon investmentsin shares � 0.0505

Costof capital COC 0.085
ParametersRSLNmodel

Averagelog-returnin regime1 � 1 0.0135
Averagelog-returnin regime2 � 2 -0.0109

Volatility in regime1 � 1 0.0344
Volatility in regime2 � 2 0.0645

Probabilityto move from regime1 to 1 p11 0.0483
Probabilityto move from regime2 to 1 p21 0.1985

Table3: Usedparametersandnotations:summary.
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