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1 Introduction

Consider a portfolio consisting of n independent risks being subject to possible reinsurance. It
is a natural question to look for an optimal reinsurance structure. de Finetti (1940) analyzed
the optimality properties of two types of reinsurance : proportional reinsurance and excess of
loss reinsurance. For the latter, de Finetti (1940) introduced parametric assumptions about
the distributions of the risks whereas his model did not require parametric assumptions in
order to analyze the optimality properties of proportional reinsurance.

In the present paper, we will only discuss proportional reinsurance without making any
parametric assumption. We will extend the results of de Finetti to other types of proportional
reinsurance, namely variable quota share reinsurance and surplus reinsurance with table of
lines. Furthermore, as noticed by Biithlmann (1970), the proof of de Finetti’s result for quota
share reinsurance is complicated. We will introduce adequate tools from convex optimization
in order to provide an easy proof for both the original result of de Finetti as well as the
proposed extensions. The rest of the paper is organized as follows. Section 2 describes
proportional reinsurance. Section 3 describes de Finetti’s model and the optimality results
for quota share reinsurance. Section 4 introduces the results from convex optimization we
will use. In section 5 we prove the optimality result for proportional reinsurance. Sections 6
and 7 are devoted to the optimality results for variable quota share reinsurance and surplus
reinsurance with table of lines. Section 8 concludes with a numerical illustration.

2 Proportional Reinsurance

In a situation of proportional reinsurance, the ceding company and the reinsurer agree on a
cession percentage, say 0 < a; < 1, for each policy in the portfolio. The premium correspond-
ing to the policy ¢, say P;, is shared proportionally between the insurer and the reinsurer.



The reinsurer receives a;P; whereas the insurer keeps the premium (1 — a;)P; (the factor
(1 — a;) is called the retention percentage). If S; is a claim hitting policy 4, the reinsurer is
liable for a;S; whereas the insurer retains (1 — a;)S;.

Clearly, the way a proportional reinsurance works is extremely simple. Looking now
at the way the cession percentage a; is chosen, we can distinguish between two types of
proportional reinsurance : quota share reinsurance and surplus reinsurance.

2.1 Quota Share Reinsurance

Quota share reinsurance is the easiest way of covering an insurance portfolio. In this case,
the cession percentage a; is the same across the whole insurance portfolio : it will be denoted
by a, with 0 < a < 1.

2.2 Surplus Reinsurance

In the case of surplus reinsurance, the cession percentage is a function of both the sum
insured (SI;) and a quantity called the line, or retention, chosen by the ceding company.
The line (R) is the maximal amount that the insurer is willing to pay in case of a loss
(for each policy in the portfolio). If one wants to make use of proportional reinsurance and
ensure that the maximal loss will never exceed the line, one can easily see that the retention

percentage must be equal to
R
1—a; = min (1, o
a; = min ( 5 Ii)

which is always between 0 and 1 (since the line is positive). The reason for the min operator
is that when the sum insured is smaller then the line, i.e. when Si}i is greater than 1, the
retention percentage has to be equal to 1.

The cession percentage must be then defined as

. R R
a; = 1 — min (1,5—12) = max (O,l— SL-)

with 0 < a; < 1. In the case of a total loss, the retained loss is

I; it SI; <

3 de Finetti’s Result for Proportional Reinsurance

Let us consider a portfolio with n independent risks, Sy, ..., S, against premiums P,
...,P,. Let us assume that each risk may be protected by a proportional reinsurance with
cession percentage a;. Let us also assume that the reinsurer charges a premium according to
the expected value premium principle with loading &;: the reinsurance premium then writes



de Finetti (1940) suggested to choose the cession rates a; by minimizing the variance of
the result of the insurer subject to a given level for the expected result. The result of the

insurer is given by
n

Z(a) =Y (P — (1+&)aBES; — (1—a)S:)

i=1
where a is the vector of the cession rates : a = (ay,...,a,). The cession rates come now
from the solution of the following variance minimization programme

min VarZ(a) (3.1)
subject to
EZ(a) = k (32)
a; > 0 , i=1,...,n (3.3)
a; < 1 , i=1,...,n (3.4)

where k denotes the expected result chosen by the insurer.
de Finetti (1940) provides the following optimal value for the cession percentages:

a; = min (1,max (O, 1- VarSz)) (3.5)

where ¢ is a constant that must be computed a posteriori by plugging (3.5) into (3.2).
de Finetti’s proof is based on results for classical optimization under equality constraints
only: he therefore starts by ignoring the inequality constraints (3.3) and (3.4) defining the
admissible range for the cession percentages. The solution to the minimization of the variance
of Z(a) subject to the expected result constraint (3.2) only is then immediately given by

a—=1— CSZESZ
v VYarsS;

(3.6)

where ¢ is a Lagrange multiplier introduced for the constraint (3.2). Then, as noticed by
Biihlmann (1970), de Finetti (1940) showed, using heavy mathematics, that the value given
by (3.5) (which is simply (3.6) adjusted to lie between 0 and 1) is indeed the correct solution
to the original minimization programme including the inequality constraints (3.3) and (3.4).

4 Optimality conditions for convex optimization

4.1 Nonlinear optimization

Our simpler proof for de Finetti’s result will be based on a basic result from convex op-
timization which generalizes the notion of Lagrange multipliers to the case of inequality
constraints. Consider the following optimization problem with both equality and inequality
constraints :

min f(x) (4.1)



subject to

gileg) < ¢ , j=1....m
hk(w) = dk s kzl,...,p

where & = (z1,...,%,) is a vector of unknowns and functions f, g; and hy defined on R"
define the objective and the constraints. This is a standard formulation of a general nonlinear
optimization problem.

Let us introduce the following quantity, called Lagrangian:

m

Lz, pu, A) = f() + > wi(g5(®) = ;) + ) Aelhu(@) — dy)

J=1

where quantities p; (j = 1,...,m) and A\, (k = 1,...,p) are Lagrange multipliers for the
constraints g;(x) < ¢; and hi(x) = dj, respectively. The following first-order conditions,
known as the Karush-Kuhn-Tucker (KKT) conditions, are necessary! for optimality of the
vector x:

aiiL(:n,u,)\) = 0 fori=1,...,n
pj = 0,95(x) < cjand pi(gj(e) —c;) = 0 forj=1,....m
hi(x) = dp fork=1,...,p.

(note that when there are no inequality constraints, the second term in the Lagrangian and
the second set of constraints both disappear, and we obtain the classical result involving
Lagrange multipliers for optimization under equality constraints).

4.2 Convex optimization

An major inconvenient with the above result is that it does not provide a sufficient condition
to ensure optimality of a given vector. In order to improve this, we need to introduce the
notion of convex function: a function f defined on R" is said to be convex if and only if the
following inequality holds

flx+(1—-0)y) < 0f(x)+(1—0)f(y) for all § belonging to the interval [0 1] and x,y € R"

(the condition means that the graph of the function has to lie below its cords everywhere).

A nonlinear optimization problem of the form (4.1) is said to be convex itself if we can
ensure that the objective function f and inequality-defining functions g; are convex while
equality-defining functions hj are linear. It is known in that case that the KKT optimality
conditions are also sufficient, i.e. that any solution? to the KKT system is a global minimum

L Actually, an additional technical condition known as constraint qualification is required for this result
to hold, but this will hold trivially for the problems described here, see the reference given below for details.

2Note that a given convex problem may admit several optimal solutions, sharing a common objective
value and forming a convex set in the feasible domain.
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for the minimization problem (4.1). Minimizing the original programme or solving the system
of KKT conditions are thus completely equivalent in the case of a convex problem. The reader
may for example consult chapter 12 in Nocedal and Wright (1999) for a proof of these results
and further details.

5 A Proof Based on Convex optimization for Propor-
tional Reinsurance

In order to prove de Finetti’s result about the minimization problem (3.1), we will first show
that it is convex, which means that writing and solving its KK'T optimality conditions will
be enough to find its optimal solutions.

The objective of the minimization programme (3.1) can be written as

n n

VarZ(a) = Var[— Z(l —a;)S;] = Z(l — a;)*VarsS;

i=1 =1

while the expected result can be evaluated as follows

EZ(a) = zn:E(Pz — (1 +&)aES; — (1 - a;)8))

n

= ) (P — (1+&)aES; — (1 - a,)ES))

i=1
This leads to the following minimization problem
min Z(l —a;)*VarsS;
i=1

subject to

i &ES;a;
i=1

a;

—k+ia—im (5.1)
=1 =1
1

0, +=1,...,n.

, 1=1,....n

ININA

This is a convex optimization programme: indeed, the objective function is convex (as a
sum of simple convex quadratic functions), as well as the functions a; and —a; that define
the inequality constraints (since a linear function is obviously also convex). Moreover, the
equality constraint (5.1) are also linear, which implies that the whole problem is convex and
therefore that the KKT optimality conditions will be sufficient.



The Lagrangian is

n

L(a,y,z,\) = Z [(1—ai)ZVaTSi—l—yi(ai—1)+zi(—ai)] +)\<i @ESiai—i-k—i Pi—l—i ESl)
i=1 i=1 i=1

i=1

where we introduced Lagrange multiplier A for the equality constraints and Lagrange multi-
pliers y; and z; for the inequality constraints a; < 1 and —a; < 0. We can now write down
the KKT conditions:

2VarS;(a; — 1) + AES; + y; — 2 0 i=1,...,n
yila;i—1) = 0 i=1,...,n
zia;, = 0 1=1,....n
y, > 0 1=1,...,n
zz > 0 i=1,....n
ai > 0 1=1,...,n
a; <1 1=1,...,n
> &ESia; = —-k+Y» P —) ES
i=1 i=1 i=1

We now proceed to solve this system. Let us first temporarily ignore the last KKT
condition involving the sum and let us select a specific policy i: we now consider three
potential situations

1. If we assume z; > 0, the third and second sets of KKT conditions imply successively
that a; = 0 and y; = 0, and the first set of KKT conditions further gives

Since we must also have z; > 0, we see that this situation can only happen if

AGES;

¢ =avar 2VarsS;
(and in that case all the other KKT conditions —ignoring the last one— are satisfied)

2. Similarly, if we suppose that y; > 0, the second and third sets of KKT conditions will
successively guarantee that a; = 1 and z; = 0, which will imply

yi = —AGES;
which, since we must have y; > 0, will only be possible when

AGES; <0
2VarsS; —

(and in that case all the other KKT conditions —ignoring the last one— are satisfied)



3. Finally, considering the remaining situation where both y; = 0 and z; = 0, we see that
the first set of KKT conditions implies that

B AES;
2VarsS;’

a; =

which will be acceptable if and only if

0< AGES; <1
2VarS;

(and in that case all the other KKT conditions —ignoring the last one— are satisfied)

The situation is now quite clear: in all three cases, the crucial quantity
& = AGES;
' Vars,
has a specific range (¢; > 1 in the first case, ¢; < 0 in the second one and 0 < ¢; < 1 in the

last one), and one can easily check that the following formula gives perfect description for
the three cases

a; = min(1, max(0,1 — ¢;)).

We observe that the optimal value for the a; variables is a function of ¢; alone, which
itself depends only on the problem data and the multiplier \. This dependence can be
illustrated by the following two graphs (depending on whether &; is positive or negative, a;
being identically equal to zero whenever §; = 0), where the marked value on the A-axis is

equal to \} = %, which corresponds to ¢; = 1:

a
i

1 : s

0 A (6,=1) A A (6,=1) 0

Figure 5.1: Dependence of a; with respect to A (left: when &; > 0, right: when &; < 0)

The last issue we have to settle pertains to the choice of A and the last KKT equation:
we first observe that since we have 0 < a; < 1, its left-hand side Z?:l &IES a; can a priori
vary between the following two bounds

B~ =) ¢ES; < ifiESiai < ) 4ES; =B
1

i]€;<0 i= i1€;>0
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We will now show that a suitable choice of A can attain any value in that range. Assume
first that A\ takes a positive value: every ¢; such that & < 0 will be negative, so that the
corresponding a; will be one. Moreover, if that value of X is sufficiently large, every ¢; such
that & > 0 will be greater than 1, implying a zero value for the corresponding a;. This shows
that our left-hand side quantity attains its lower bound B~ in this situation.

If we start to decrease A towards zero, each positive ¢; will also decrease, so that at some
point each of the corresponding a; will start to continuously increase (along with the total
left-hand side), until they all become equal to one (in the meantime, every a; corresponding
to a negative &; stayed equal to one). At this point, our left-hand side quantity is equal to
BT+ B~ =3%""  &ES;. Decreasing further A into the negative domain, we see that each
a; corresponding to a negative §; start to decrease (while the other a; stay equal to one),
implying a continuous increase of the total left-hand side, until all of these a; become zero:
at this point, our left-hand side attains its upper bound B™ and will keep that value for all
smaller values of .

We deduce from this result that our KKT system of equations admits a solution if and
only if its right-hand side lies between B~ and BT, i.e. when

B~ =) ¢ES; < —k+i3—im < ) &RES; =B
1 i=1

i&; <0 i= = i|€;>0

which is equivalent to

znjpi—fjﬂzsi— Z&E&Skéiﬂ—ilﬁi&— > GES; (5-2)
i=1 1=1 1 i=1

i|€;>0 i= i i]€;<0
We have the following interpretations :

1Y, P—>"  ES; corresponds to the margin of the insurer before any cession to the
reinsurer.

2. Zi‘ ¢i>0 GillS; corresponds to the maximal positive margin of the reinsurer.

3. Zi‘ ¢,<0 GillS; corresponds to the maximal negative margin of the reinsurer.
We can now comment on the actuarial intuition behind (5.2) :

1. If the first inequality in (5.2) is not satisfied, it means that that the cost of reinsurance
cannot decrease the margin as low as the required EZ(a) = k. The problem then has
no solution.

2. If the second inequality in (5.2) is not satisfied, it means that the gain provided by the
reinsurance cover is not enough to reach the required EZ(a) = k. The problem then
has no solution.

Combining now our results leads to de Finetti’s formula
AGES;
QVaTSi)) (53)
where A is computed by plugging (5.3) into (5.1) (which is possible as long as (5.2) is

satisfied). The fact that the KKT system of equations is both necessary and sufficient shows
that it indeed provides the optimal value for the cession percentages in all cases.

a; = min(l, max (0,1 —



6 Variable Quota Share Reinsurance

In practice, one does not apply a different cession percentage to each risk in the portfolio.
In fact, the portfolio is partitioned into several segments for which an individual cession
percentage is applied. This situation is called variable quota share reinsurance.

Let us assume that there are m such segments in a portfolio of n = ny + .-+ + n,,
independent risks. The result becomes

ZZ (14 &)a,;ES! — (1 —a;)S)).

J=1 =1

Using the same arguments as above we are able to show that the optimal cession rates
are given by

Y. EES!

1=1

2 Zj VarS?

i=1

a; =min | 1,max | 0,1 —

where \ is a constant given by EZ(a) = k. There will be a solution when

S P oEs)- Y @S <k<3 S (P-ES)- Y €S (o)

J=1 =t i.jle]>0 j=1i=1 ijlel <0

7 Surplus Reinsurance with Table of Lines

For surplus reinsurance, it often happens in practice that the portfolio is partitioned into
segments where the same line is applied. This situation is called surplus reinsurance with
table of lines.

Defining Q; = SI , the relative loss of risk ¢, we obtain the optimal table of lines as
follows: s
A Y ERQ)
Rj=1-———
25 VarQ!
i=1

where A is a constant given by EZ(a) = k. There will be a solution if condition (6.1) is
satisfied.

8 Numerical Example

Let us consider a portfolio with 4 risks having the following characteristics :



Risk |1 2 3 4
ST [100 200 100 200
ES [15 50 35 90

VarS | 1500 6000 1500 6000
P 18.75 62.5 43.75 1125
¢ 025 025 025 0.25

Table 8.1: Characteristics of the portfolio

We have the following optimality results, computed for two different levels of expected
result and for different reinsurance structures :

- Quota share reinsurance

- Variable quota share reinsurance, where risks 1 and 2 have common cession rate and
risks 3 and 4 have common cession rate

Surplus reinsurance

Surplus reinsurance with table of lines, where risks 1 and 2 have common line and risks
3 and 4 have common line

Proportional reinsurance where the cession rate is freely chosen for each risk.

k=20 k=40
Quota Share 2659.28 10637.12
Variable Quota Share | 2418.14  9674.56
Surplus 2666.67 10408.16
Table of Lines 2400.00  9821.01
Proportional 2341.46  9652.17

Table 8.2: Optimality results

Proportional reinsurance is optimal : this is logical because the corresponding minimum
is computed over the largest feasible region. Variable quota share is optimal compared to
quota share and surplus with table of lines is optimal compared to surplus for the same
reason.

Let us now proceed to the comparison of quota share and surplus reinsurance : for k£ = 20
quota share is superior to surplus, while the opposite is true for £ = 40. However, for k£ = 20,
surplus with table of lines is superior to variable quota share, but the opposite is again true
for k = 40.

This numerical example shows that there exists no general rule asserting superiority of
either quota share-type or surplus-type reinsurance above the other one.
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